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THE FEBRUARY MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


The one hundred and forty-seventh regular meeting of the 
Society was held in New York City on Saturday, February 26, 
1910, extending through the usual morning and afternoon ses- 
sions. The following twenty-eight members were present : 

Professor G. D. Birkhoff, Professor C. L. Bouton, Professor 
E. W. Brown, Professor F. N. Cole, Dr. Elizabeth B. Cowley, 
Professor L. P. Eisenhart, Professor Peter Field, Professor T. 
S. Fiske, Dr. C. C. Grove, Professor J. I. Hutchinson, Dr. L. 
C. Karpinski, Professor Edward Kasner, Mr. W. C. Krath- 
wohl, Professor J. H. Maclagan-Wedderburn, Mr. A. R. Max- 
son, Mr. H. H. Mitchell, Professor G. D. Olds, Professor W. 
F. Osgood, Mr. H. W. Reddick, Mr. L. P. Siceloff, Professor 
D. E. Smith, Professor P. F. Smith, Dr. W. M. Strong, Dr. 
Elijah Swift, Professor E. B. Van Vleck, Professor Oswald 
Veblen, Mr. H. E. Webb, Professor H. 8. White. 

Ex-President W. F. Osgood occupied the chair at the morn- 
ing session, Vice-President J. I. Hutchinson at the afternoon 
session. The Council announced the election of the following 
persons to membership in the Society: Mr. E. S. Allen, Berk- 
shire School, Sheffield, Mass.; Mr. B. A. Bernstein, University 
of California; Mr. G. W. Evans, Charlestown High School, 
Boston, Mass.; Mr. C. E. Flanagan, Wheeling, W. Va.; Mr. 
C. E. Githens, Wheeling, W. Va.; Mr. J. S. Mikesh, Univer- 
sity of Minnesota ; Professor G. P. Paine, University of Minne- 
sota; Mr. W. L. Putnam, Boston, Mass.; Mr. V. M. Spunar, 
Pittsburg, Pa. Nine applications for membership in the Society 
were received. 

Committees were appointed by the Council to arrange for 
the coming summer meeting and to report on the subject of the 
publication of the Princeton Colloquium Lectures. 


The following papers were read at this meeting : 

(1) Professor G. D. BirkHorr: “ A simplified treatment of 
the regular singular point.” 

(2) Professor G. D. BirkHorr: “Some oscillation and com- 
parison theorems.” 

(3) Professor P. F. Sir: “ On osculating bands of surface- 
element loci.” 


396 THE FEBRUARY MEETING OF THE SOCIETY. [May, 


(4) Professor Epvarp Stupy: “ Die natiirlichen Gleich- 
ungen der analytischen Curven im euklidischen Raume.” 

(5) Professor G. A. MrLuer : “ Addition to Sylow’s theorem.” 

(6) Professor Perer FiELp: “On the circuits of a plane 
curve.” 

(7) Professor C. L. Bouton : “ Examples of transcendental 
one-to-one transformations.” 

(8) Professor Jacop WestLunp: “On the fundamental 


number of the algebraic number field i (7/m).” 

(9) Professor L. P. EtsenHArt: “ Surfaces with isothermal 
representation of their lines of curvature, and their transfor- 
mations (second paper).” 

(10) Professor Epwarp Kasner: “ Isothermal nets.” 

(11) Dr. AnTHUR Ranum: “On the principle of duality in 
spherical geometry.” 

(12) Dr. O. E. GLexn: “On multiple factors of ternary 
and quaternary forms: applications to resolution of rational 
fractions.” 

In the absence of the authors the papers of Professor Smith, 
Professor Study, Professor Miller, Professor Westlund, Dr. 
Ranum, and Dr. Glenn were read by title. Professor Study’s 
paper will appear in the July number of Transactions. Ab- 
stracts of the other papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 

1. This note by Professor Birkhoff is to appear in an early 
number of the Transactions. The theorems of Fuchs concern- 
ing the solutions of ordinary linear differential equations in the 
vicinity of a regular singular point are proved by a very short 
analysis which does not involve the substitution of an infinite 
series in the equation. 

2. In a second note Professor Birkhoff derived oscillation 
and comparison theorems for ordinary linear equations of the 
third order analogous to the well-known one for second order 
equations. This paper will be offered to the Annals of Mathe- 
matics. 


3. Professor Smith’s paper is a continuation of that presented 
by the author at the summer meeting of 1909. The new 
matter consists chiefly in the discussion of cubic bands in space, 
that is, unions of oc’ surface elements whose points lie on a 
skew eubie and whose planes envelope a quadriec cone. The 
vertex of the cone must lie on the cubic. If this cubic is 
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required to pass through three fixed points, then a cubic band 
is uniquely determined by two united surface elements. The 
point of contact with the theorems established in the former 
paper lies in this last statement. The cubic bands which oscu- 
late the characteristic bands of a partial differential equation of 
the first order osculate also the characteristic bands of a second 
differential equation. Other theorems analogous to those 
proved in the first paper hold for eubie bands also. Incident- 
ally, a simple contact transformation appears, under which para- 
bolic bands become cubic bands, vertical parabolas become four- 
nodal cubic surfaces, and straight lines become quadric cones. 


5. According to Sylow’s theorem the Sylow subgroups of order 
p” are transformed according to a transitive substitution group. 
Professor Miller’s paper deals with the question whether this 
transitive group is primitive or imprimitive. His main theorem 
may be stated as follows: Ifa group G contains more than one 
Sylow subgroup of order p” and if one such subgroup has no 
more than p* substitutions in common with any of the others, 
then G cannot transform these subgroups according to an 
imprimitive group unless their number is of the form 
(1 + kp"-*)(1 + lp"-*), where both & and / are greater than 
zero. Asa direct corollary we have that a group cannot trans- 
form its Sylow subgroups of order p” according to an imprimi- 
tive group unless the number of these subgroups is of the form 
(1 + kp)(1 + tp) where both & and / are integers greater than 0. 
For instance, if the order of G is divisible by 7, its Sylow sub- 
groups of order 7” cannot be transformed according to an im- 
primitive group unless their number is at least 64, and if it 
exceeds this number it must be at least 120, ete. This theorem 
is frequently very useful to determine whether a given substi- 
tution group is primitive. 

6. It is known that there exist curves for every order n, 
p =O or 1, composed of a single circuit of index n— 2. In 
case p= 1 the curve may also have a simple oval (C. A. 
Scott, Transactions, volume 3). Professor Field’s paper is 
devoted to a proof that there exist for every order n, p=r 
(r = 1, 2, 3,---, m — 2) curves composed of 7 circuits, the sum 
of whose indices is n —2. There may also be in addition a 
simple oval. 

7. In this paper Professor Bouton gives a method for con- 
structing a general class of transcendental one-to-one transfor- 
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mations in n variables, n>1. To his knowledge no examples 
of such transformations have heretofore been given. A simple 
example is 

vay + sin 2, 
with the inverse 

e=u—e, y=v—sin (u—e’). 


The method also gives classes of transcendental one-to-one 
contact transformations in n variables. 


8. In Professor Westlund’s paper the algebraic number field 
k ({’m) generated by the real pth root of a number m, where p 
is any odd prime, isdiscussed. An integral basis and the fund- 
amental number of k are determined. 


9. In a former paper with the same title (Zransactions, 
volume 9) Professor Eisenhart established a transformation of 
surfaces S with isothermal spherical representation of their 
lines of curvature into surfaces of the same kind, such that 
upon a surface S and a transform S’ the lines of curvature cor- 
respond, and S and S’ constitute the envelope of a two-param- 
eter family of spheres. This transformation was established 
by means of the Thybaut transformation of minimal surfaces 
and the transformation of partial differential equations of the 
second order due to Moutard. In the present paper transfor- 
mations of this kind are established in a more simple and 
fundamental manner by determining the W-congruences (that 
is, congruences upon whose focal surfaces the asymptotic lines 
correspond) which are of such a character that the Lie line- 
sphere transformation converts the focal surfaces of the con- 
gruence into surfaces, S and S’, with isothermal spherical 
representation of their lines of curvature. At the same time, 
S and S’ are then necessarily the envelope of a two-parameter 
family of spheres. This method seems to give a more satis- 
factory reason for the existence of such transformations. The 
analysis is very much simpler in this case, and one obtains 
almost immediately a “theorem of permutability” for trans- 
formations of this kind. 


10. Professor Kasner obtains the conditions which must be 
satisfied by two analytic curves intersecting orthogonally in 
order that they may be regarded as members of an isothermal 
net ; that is, in order that they may be conformally transformable 
into orthogonal straight lines. The conditions are expressed 


= 
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as an infinite set of relations between the coefficients of the 
power series representations of the given curves. All the 
coefficients of one series and half the coefficients of the other 
series may be taken at random, the other half then being 
determined by the general relations. Geometric interpretations 
are obtained by introducing the successive derivatives of the 
radii of curvature with respect to are. 


11. In the geometry of the surface of a sphere the principle 
of duality applies to metrical as well as projective properties. 
The consequences of this elementary fact do not seem to have 
been utilized much in the past. In this paper Dr. Ranum 
shows how the duality between distance and angle, between arc 
and area, between rolling and sliding, immediately leads to 
some interesting new theorems. For example, any continuous 
spherical movement can be regarded as due to the sliding 
(without rolling) of one spherical curve on another ; the locus 
of a point lying on a variable tangent to a curve at a distance 
of 37 from the point of tangency is the envelope of the polar 
of the center of curvature at a variable point of the same curve ; 
the area swept out by a moving tangent to one of two polar 
curves is eqnal to twice the length of the corresponding are of 
the other. 


12. Ina paper published in the American Journal of Mathe- 
matics, volume 32, number 1, Dr. Glenn developed the theory 
of the decomposition of ternary and quaternary forms into simple 
quadratic factors. In the present paper this theory is extended 
to the cases where multiple factors occur. The multiple linear 
factors and multiple quadratic factors of a form are completely 
determined, save as to the solution of certain ordinary alge- 
braical equations of higher degree. 

In a footnote in the before-mentioned paper a new partial 
fraction theorem was announced, the unique feature of which 
was that the numerators of those partial fractions of b"-"/a™ 
which have simple quadratic denominators were determined 
by ordinary differentiation and application of the Aronhold 
operator (b-0/0a). This theory is brought to a degree of 
completion in the present paper. Differential operators are 
developed by which are determined the numerators of the frac- 
tions corresponding to multiple quadratic factors of a%. This 
theory is also extended to include the case where 6"—' and a” 
are ternary forms. F. N. Coxe, 

Secretary. 
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THE FEBRUARY MEETING OF THE SAN FRAN- 
CISCO SECTION. 


THE seventeenth regular meeting of the San Francisco Section 
of the AMERICAN MATHEMATICAL Society was held at Stan- 
ford University, on Saturday, February 26, 1910. The fol- 
lowing members were present : 

Professor R. E. Allardice, Professor H. F. Blichfeldt, Pro- 
fessor G. C. Edwards, Professor R. L. Green, Professor M. 
W. Haskell, Professor L. M. Hoskins, Professor D. N. Lehmer, 
Professor H. C. Moreno, Professor C. A. Noble, Mr. E. W. 
Ponzer, Professor T. M. Putnam, Dr. H. W. Stager. 

Professor Blichfeldt occupied the chair. A committee con- 
sisting of Professors Allardice, Haskell, and Lehmer was 
appointed to draft resolutions in memory of the late Professor 
Irving Stringham. 

The following papers were read at this meeting : 

(1) Professor L. M. Hoskins: “The strain of an elastic 
sphere of which the density is a function of the distance from 
the centre.” 

(2) Professor D. N. LEHMER: “ A list of primes.” 

(3) Professor W. A. Mannine : “ A note on Bochert’s 
theorem.” 

(4) Professor C. A. NosLe: “ Characteristics of two partial 
differential equations of the first order.” 

(5) Mr. E. W. Ponzer: “The principles of the calculus 
as applied in technical courses.” 

Abstracts of the papers are given below in order as num- 
bered in the foregoing list : 


1. The problem solved in the paper of Professor Hoskins is 
that of the strain of an elastic sphere of which the density is 
any known function of the distance from the center, the bodily 
forces having a potential which is a known function of the co- 
ordinates of position. The only restriction on the potential 
function is that it is developable in a series of spherical surface 
harmonies ; an analogous restriction must hold regarding the 
surface stresses. General formulas are deduced for the elastic 
displacements, and the solution is given in full for the case in 
which the potential is a spherical solid harmonic of the second 
degree while the surface is free from stress. In this case the 
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surface values of the ellipticity e and angular displacement a 
are found to be expressible in simple form. Computations for 
the case of Laplace’s law of density show that, for given values of 
the modulus of rigidity aid total mass, ¢ is about 11 per cent. 
less and a about 22 per cent. less than in the case of uni- 
form density, these results being nearly independent of the 
compressibility. 


2. The list of primes upon which Professor Lehmer is en- 
gaged is intended to extend to the limit of the factor tables 
recently published by the Carnegie Institution of Washington. 
The list is already completed for the primes contained in the 
Ist, 2d, 7th, 8th, 9th, and 10th millions. The table is to 
contain 133 pages, each with 5,000 entries. There are 
fifty columns, each containing 100 lines. As the table stands, 
it will be only a few moments’ work to obtain the number of 
primes between any two given limits, or the rank of any given 
prime in the series of primes. The number of primes in each 
successive thousand is checked against the counts made by 
Glaisher (see his Introduction to the factor table for the sixth 
million) and the number in each successive fifty thousand is 
compared with the results of Bertelsen’s computations (see Acta 
Mathematica, volume 17, 1893). No discrepancies with the 
latter have as yet appeared and the frequent differences with 
Glaisher are all due to the presence of errors in the tables 
from which he made his count. 


3. In this note Professor Manning shows that if the sub- 
stitutions of degree u in a 4-fold transitive group of class u and 
degree n (not alternating) are all of order 2, then u> }n. 


4, Professor Noble deduees, after Hilbert, the ordinary 
differential equations of the characteristics of two partial differ- 
ential equations of first order, shows how these suffice to obtain 
the general solution of the given equations, and constructs the 
corresponding problem in the calculus of variations. 


5, Mr. Ponzer’s paper presents a study of the various 
principles of the calculus as applied in the principal technical 
courses, both qualitatively and quantitatively ; the nature and 
frequency of the principles applied is discussed, with sugges- 
tions as to where emphasis should be placed, and what should 
be omitted, in a course in the calculus. 

C. A. NoBLE, 
Secretary of the Section. 
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AN APPLICATION OF THE NOTIONS OF “GEN- 
ERAL ANALYSIS” TO A PROBLEM OF THE 
CALCULUS OF VARIATIONS. 


BY PROFESSOR OSKAR BOLZA. 


( Read before the Chicago Section of the American Mathematical Society, 
April 8, 1910.} 

THE object of the following note is to give an illustration of 
the unifying power of Professor E. H. Moore’s methods of 
“General Analysis” * by showing that a certain theorem of the 
calculus of variations and a certain theorem of analytic geome- 
try are special cases of one and the same theorem of general 
analysis. 

The theorem of the calculus of variations is the so-called 
fundamental lemma for isoperimetric problems,j viz., 

THEOREM I. “If 


(1) = | [ + N,(x)n'(x)] da = 0 


for all funetions »(x) which are (a) of class C’ on [ax 
(6) vanish at x, and x,, and (c) satisfy the m conditions 

>) 
(2) | 


[IL(x)n(x) + dx = 0 


2,-++,m), 


then there exist m constants ¢,, ¢,,---,¢,, such that 


for all functions (x) satisfying conditions (a) and (b). 

The functions M(x), N(x) are supposed to be continuous on 
[z2,]. 


The theorem of analytic geometry is the well known 


tions to linear differential equations and integral equations,’ Atti del [V 
congresso internazionale dei Mathematici, vol. 2, p. 98; and ‘‘ Introduction 
to a form of General Analysis,’’ in The New Haven Mathematical Collo- 
quium, Yale University Press, New Haven, 1910. 

t+ Compare for instance Bolza, Vorlesungen iiber Variationsrechnung, p. 
462, footnote 1, and the references given there. 


*Compare E. H. Moore, ‘‘ Ona form of General Analysis with applica- 
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THEOREM IT. “ Jf, in a plane and in homogeneous coordinates, 
(1’) Uj =Aet+ By + Cz=0 


is the equation of a straight line passing through the point of inter- 
section of the two non-coinciding * lines 


(’) Cz=0, Byt+ Cz= 
then there exist two constants d,, X, such that 


U, = ,U, +2,U,” 


§1. The General Theorem. 


Let p be a general parameter} ranging over a set J of ele- 
ments ; these elements may be any mathematical entities what- 
ever: real or complex numbers, pairs, triples, etc., of such 
numbers, even infinite sets of numbers; functions of one or 
several variables ; systems of functions ; points, curves, surfaces ; 
etc., etc. 

Along with the set {$ we consider ‘the set © of all possible 
systems (a,, @,; p,, p,) of a pair of real numbers a,, a, and a 
pair of elements p,, p, of $8, and we suppose that a correspond- 
ence has been established by which to every element of © cor- 
responds a unique element of 3 which we denote by { 


F(a,, 4,5 P2)- 
We shall then say that a real single-valued function § p(p) 
defined on $ is “linear as to F,” if 


(4) Py P2)] = + on O, 


i. e., for every combination (a,, a,; p,, p,) of O. 
Then the following theorem holds : || 
THEOREM III. Jf 


* We may omit the word ‘* non-coinciding ’’ if we replace ‘‘ point of inter- 
section of ’’ by ‘‘ point or points common to.”’ 

+ Compare Moore, ‘‘ Introduction etc.,’’ § 1 ; I use throughout this section 
Moore’s notation. 

tIn Moore’s terminology F is a ‘‘function on © to ¥,’’ ‘‘ Introduction 
ete.,”’ § 4. 

§ Compare Moore, ‘‘ Introduction etce.,’’? §5; if 2{ denotes the set of all 
real numbers, /(p) is in Moore’s terminology a ‘‘ function on to 

|| This generalization of Theorem I has been suggested to me by a remark 
in §177 of Hadamard’s Lecons sur le caleul des variations, Paris, 1910. 


= 
— 
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are m + 1 real single-valued functions of p, defined on which 
satisfy the following two conditions : 
A) they are linear as to F, 


B) the equation 
(1") = 0 


holds for every element of J which satisfies simultaneously the m 
equations 


(2”) #,(p) = 0, =0,---, P) =0, 


then there exist m real numbers ¢,, ¢,, - ++, tadependent of p, 
such that 


(3°) + +--+ + =O on BP, 
i. €., for every element of YS. 


Proof: We notice first that there always exist elements of B 
which do satisfysthe m equations (2’’); for F(0, 0; p,, p,) is an 
element of J for any two elements p,, p, of $8, and on account 
of A) 

FCO, 0; p, p,)] =9, (i=1,2,---,m). 


Further we observe that if we define 
a,; F(a,, a,; P2)s Ps] = Fla, 453 Pry Poy Ps) 
and generally 
= Fay, Ay Py Poy Pads 
then F(a,, ---, Pyy Por P,) again an element of $B, 
and, if (4) is satisfied, then also 
= + +--+ + 


After these preliminary remarks we distinguish two cases : 
Case I: The m equations (2”) are satisfied for every p of 3. 
Then according to B) 


on 


Hence we may write 


on 


= 
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and the theorem is proved with the particular values c, = 0, 
¢,=0,--,¢ =0. 


~ Case IT: The m equations (2”) are not all satisfied for every 
of 
Then there exists a definite integer n (1=n= m) such that 
in the determinant 
A= |zu,(p,)| (i, k= 1, 2, ---, m) 


at least one minor of degree n is different from zero for some 
special system p,, P,» Whereas (for n < m) all minors of 
degree n + 1 vanish identically, that is, for every choice of the 
m elements p,, p,,---, Pp, In order to fix the ideas we sup- 
pose that the minor 


(7) A, = | #,( P,)| 0 (9, h= 1, 2, n). 


Let now p be any element of } and p,, p,, ---, p, the n 
special elements for which A, + 0; then 


is an element of 33, and according to A) 
(8) = + (P,) + + 
(j = 0, 1, 2, ---,.m). 
On account of (7) we can so determine a,, a,, ---, a, that 


(9) #,(9) = 0, #4(9) =0,-:-, = 0. 


If n < m, it follows from the identical vanishing of the minors 
of degree n+ 1 of the determinant A, p taking the place of 
that also 


Hence for n << m as well as for n =m, q is an element of J 
which satisfies the m equations (2”) and therefore it satisfies 
according to B) also the equation 


(11) = 0. 


But from the n + 1 equations (9) and (11) it follows, if we 
write the 4,(q)’s in their explicit form (8), that the determinant 


(12) | =0 (j = 9, 1, 2,---, n). 


= 
= 
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If now we expand this determinant according to the elements 
of the first column, the coefficient of u,( p) is the determinant 
A, and therefore different from zero, and this determinant as 
well as the remaining coefficients of the expansion is indepen- 
dent of p. Hence.if we divide by A,, we obtain equation (3”) 
with =0,c¢,,,=0, ---,¢, =0, and this equation holds on 
since was any of Thus our theorem is proved.* 


$2. Theorems I and II as Special Cases of Theorem III. 


In order to obtain Theorem I as a special case of Theorem 
III, we identify the set [ with the totality of all functions 
n(x) of class C’ on [«,2,] which vanish at x, and 2,, and define 


(13) Fy) 4,3 My M2) = + 


If a,, a, are two constants and 7,(x), 7,(x) two functions of , 
a,y,(x) + 4,,(x) again belongs to and the “functions ” 


f + (j =0, 1, m) 
are “linear as to F,” since 


(14) + = + 


For this special choice of the set 8, the operator F, and the 
functions 4, Theorem III becomes identical with Theorem I. 

More generally we may take for % the totality of all func- 
tions (x) of class C’ on [x2] which satisfy any given system 
of conditions provided only that these conditions are linear, i. e., 
such that they are satisfied by a,n, + a4,n, whenever they are 
satisfied by 7, and »,, two functions of class C’ on [2,2,]. 
We thus obtain a generalization of Theorem I indicated by 
Hadamard. 

On the other hand, to obtain Theorem II as a special case of 
Theorem III, we identify the set $3 with the totality of all triples 
p = (2, y, 2) formed with three independent variables 2, y, z, 


«1 bad tetas thought it necessary to add to the assumptions A) and 
B) of the theorem the further assumption that 4 +0 for some system 
Pi, P2, °**; Pm; 1 am indebted to Professor Moore for calling my attention to 
the fact that this assumption may be omitted, as well as for other valuable 
suggestions. 

T loc. cit., 


§ 176. 


= 
= 
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each ranging over all real values, and define, in Cayley’s set 
notation, 


F(a, 45 Py P2) a,(%,, 2) te Cy 


(15) 
= (4,%, + 4,2, AY, 4,2, + 4,2,)- 
F(a,, 4,3; Py P2) belongs again to J, however the numbers a,, 
a, and the triples p, =(2,,y,,2,) and p, = (2, y,,2,) may be 
chosen. 
With this definition of F, the functions 


(19) By+Cz, (j =0, 1, 2) 
are “linear as to F.” 


If n = 2, there exists at least one pair of triples (z,, y,, 2,), 
Yo» for which the determinant 


| A,2, By, Ay, + By, + Cy, 
(Az, + By, + Cz, Ax, + By, + C7. 


This means geometrically, if we interpret 2, y, z as homogeneous 
coordinates of a point in a plane, that the two lines 


(20) By+ Cz=0, By + Cz= 


do not coincide. 

Theorem IIT then specializes into Theorem IT. 

The assumption n = 1 leads to the trivial case alluded to on 
page 403, footnote *. 

In like manner the corresponding theorems on pencils and 
bundles of planes and their generalizations to.spaces of higher 
dimensions follow immediately as special cases from Theorem 
III. 


THE UNIVERSITY OF CHICAGO, 
February, 1910. 


+0. 
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THE INFINITESIMAL CONTACT TRANSFORMA- 
TIONS OF MECHANICS. 


BY PROFESSOR EDWARD KASNER. 
(Read before the American Mathematical Society, February 29, 1908. ) 


1. THE significance of contact transformations in the develop- 
ment of general dynamics and optics, appreciated to some extent 
by Hamilton, was first brought out explicitly by Lie.* A very 
thorough and elegant discussion of the whole subject, including 
a number of new results, has recently been given by Vessiot.+ 
With a conservative dynamical system, defined by its potential 
energy U (a function of » generalized coordinates) and its 
kinetic energy 7’ (a quadratic form in the n generalized velocity 
components), there is associated an infinitesimal contact transfor- 
mation whose characteristic function W is of special type.t 
The main result of the present note may be stated as follows : 

The alternant (Klammerausdruck) of the contact transforma- 
tions associated with two dynamical systems, of the same nuinber 
of degrees of freedom, will be a point transformation when, and 
only when, the expressions for the kinetic energies are either the 
same or differ merely by a factor. 

2. For simplicity and clearness we shall confine ourselves 
to two degrees of freedom. The infinitesimal contact transforma- 
tions are then defined by a characteristic function W (x, y, p), 
each lineal element (x, y, p) being converted into a neighboring 
element (# + &r, y + dy, p + Sp) according to the standard 
formulas 


(1) &y=(pW — S=—(W, + pI 


If the transformation is applied repeatedly to any given ele- 
ment, a series of x' elements is obtained, the locus of whose 
points is termed a path curve or trajectory. The direction of 
the path generated by any element is defined by the formula 


* “Die infinitesimalen Beriihrungstransformationen der Mechanik,’’ Leip- 
ziger Berichte (1889), pp. 145-153. Lie-Scheffers, Beriihrungstransforma- 
tionen, p. 102. 
+ Bulletin dela Societé Mathématique de France, vol. 34 (1906), pp. 230-269. 
t The constant of total energy / is assumed to have a given value, so the 
discussion is connected with the theory of natural families. 
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by W 
(2) m= Be = P W, 


We shall speak of the direction m as being transversal * to the 
direction p, and shall refer to (2) as the law of transversals 
connected with the given transformation. 

3. In the simplest case of a particle moving in a plane the 
kinetic energy is of the form 27’ = 2 + 4’, and the associated 
contact transformations are of the type 


(3) 14 


Lie showed that this type is characterized geometrically by the 
fact that transversality reduces to orthogonality ; or, what is 
equivalent, each point is converted into a circle of infinitesimal 
radius with the given point as center. We now prove that 
The alternant of any two transformations of type (3) is a point 
transformation. 

For this purpose we make use of the general formula 


W 
W.+pW, W,,+pW,| |W WwW, 


where W and W, are the characteristic functions of any two 
given transformations and W’, is the characteristic function of 
their alternant (commutator, Klammerausdruck). Substituting 


©) W=OV14+p', W,=2,11 + 7’, 
we find 
(6) W, = p(QQ,, — 2,9,) — (20,,— 0,0,). 


The linearity of this expression in p proves that it defines a 
point transformation ; its symbol in the usual Lie notation is 


(6’) (22, 2,2.) + (Q0,, oy ° 


Cx 
4. The general case of two degrees of freedom is equiva- 
lent to the motion of a particle constrained to remain on an 
arbitrary surface, whose first quadratic form we write 
* We have borrowed this term from the calculus of variations, although 
the idea seems quite different. The formula (2) however is precisely the 
transversality formula connected with the problem | Wdz = minimum. 
There are several other important analogies between the two theories. 


— 
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(7) ds* = Edx* + 2Fdxdy + Gdy’. 
The corresponding contact transformations are 
(8) W= OVE + 2Fp + Gp’. 
The law of transversals becomes 

(9) E+ Fm + p) + = 0, 


and expresses orthogonality of directions on the surface (7). 
Type (8) is also characterized by the fact that each point is 
converted into a geodesic circle about that point as center. 
An important special case is dilatation, where the circles are 
all of equal radii ; the characteristic function is then found to be 


+2Fp + Gp 
10 W = 
(10) 
Consider now two transformations 
(11) W=QVE+2Fp4+ Gp, W,=0,/V E+2Fp+ Gp’, 


associated with different potentials on the same surface, and 
apply formula (4). It is easily verified that W, is linear with 
respect to p. The resulting point transformation is 


1 Oy’ 


(12) 
n = E(20,, —0,0,) — F(Q0,; — 0,9,). 


Hence if two dynamical systems lead to the same expression for 
kinetic energy, the alternant of the associated contact transforma- 
tions is a point transformation. 

5. We now inquire whether this can happen when the 
kinetic energies differ. We may write any two of our trans- 
formations in the form 

(13) W=Va+28p+yp, Wi=V4,+ 28 p+p’, 
where the coefficients are arbitrary functions of x and y. The 
value of the alternant JW, is then a complicated fractional ex- 


pression. It suffices to observe that the numerator is a poly- 
nomial of the third degree in p, and the denominator is WW. 
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For a point transformation it is necessary that the expression 
shall be rational in p. Omitting the trivial case where both 
Wand W, are point transformations (which has no dynamical 
interest), we see that the quadratics under the radicals in (13) 
can differ only by a factor. The work of § 4 shows that VW, is 
then actually a point transformation. 

Hence the alternant of the contact transformations (13) is a 
point transformation when and only when a,: = 

We have now completed the proof of the theorem stated in § 1. 

6. The law of transversals for a transformation of the type 


(14) 
is of the form 
(15) a+ Bim + p) + ymp = 0. 


If this is interpreted on a proper auxiliary surface, namely, one 
whose length element is proportional to Y adz?+ 2Bdxdy + ydy’, 
it expresses orthogonality. In the x, y plane, however, the 
directions p and m are conjugate with respect toa central conic. 
The relation (15) is of linear involutorial character, and depends 
only on the ratios of a, B, y. We may therefore state the 
result of § 4 in geometric terms as follows : 

If two contact transformations lead to the same linear involu- 
torial law of transversals, their alternant will be a point trans- 
formation. 

7. We now show that there are no other transversality laws 
for which an analogous result holds. In the first place we 
observe from (2) that if two transformations lead to the same 
law of transversals, the ratio of their characteristic functions is 
a function of # and y alone. We therefore form the alternant 
of Wand X(zx, y) W, finding 


(16) W,=Wa,—WIW(a, + pr,) = SA,— 35,(A, + pr,), 


where S represents the square of W. The condition that W, 
shall represent a point transformation is found by placing its 


second derivative with respect to p sai to zero. This gives 
(17) (0, + pr,)S 
The first factor vanishes only when 2 is constant, a trivial 
case, since then the two given transformations coincide. The 
vanishing of the other factor shows that S must be quadratic 
in p, that is, W must be of the form (14). 


ppp 
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Hence two contact transformations with the same transversality 
law will have a point transformation for aiternant only when they 
are of the type 

W=/a+28pt+yp, + yp’. 
Transversality is then expressed by a linear involutorial relation 
(15), so that for each point the transversal of a given direction is 
the conjugate direction with respect to a conic with that point as 
center. 

8. A less important converse result, relating to the type 
considered in § 3, we state without proof. The only contact 
transformations which in combination with every transformation 
of type V=0 p’ give point transformation for alternant 
are those of the same type. The same is true even if is re- 
stricted to the form a(a’?+ y’) + bx + cy + d, a case of interest 
since then W converts circles into circles. When a vanishes 
the transformation belongs to the equilong class of Scheffers. 

CoLUMBIA UNIVERSITY. 


ON AN INTEGRAL EQUATION WITH AN 
ADJOINED CONDITION. 
EY ANNA J. PELL. 


(Read before the Chicago Section of the American Mathematical Society, 
December 31, 1909.) 


In his doctor dissertation * Professor Cairns develops for 
infinitely many variables the theory of a quadratic form with an 
associated linear form, in order to prove the existence of solu- 
tions of the following integral equation : 


(1) =r K(s, + 


with the adjoined condition 


(2) [ $(s)p(s)ds = 0, 


where A(s, f) is a given continuous symmetric function of s and 
t, p(s) a given continuous function of s,X and yw are parameters, 
and ¢(s) is the function to be determined. 

***Die Anwendung der Integralgleichungen auf die zweite Variation bei 
isoperimetrischen Problemen,’’ Gottingen, 1907. 


= 
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A geometrical consideration suggests the possibility of trans- 
forming the equations (1) and (2) into an equivalent homo- 
geneous integral equation with a symmetric kernel, the existence 
of whose solutions has already been shown by Hilbert and others. 
In this paper such a transformation will be carried out. 

If there is a solution $(s), the corresponding » may be ex- 
pressed 


t)p(s)p(t)dsdt 


and the solution $(s) satisfies the integral equation 


(3) Hs) => 


where 


pe) 


Conversely any solution of (3) satisfies (1) and (2). The 
kernel L(s, ¢), however, is not symmetric and we cannot make 
any definite conclusions about the existence and character of 
the characteristic number A. 

Consider now the integral equation 


L(s,1) =K(s, t) — 


(4) =r f Ms, 


where 


b 
K(s, t,)p(t,)dt, 


a 
[ p(s)]*ds 


The kernel J/(s,¢) is symmetric in s and ¢, and therefore, 
unless I(s,t) is identically equal to zero, there exists for at 
least one real value of Xa solution ¢(s), not identically equal 
to zero, of the integral equation (4). 

Any solution of the equations (1) and (2) satisfies the equa- 


M(s, t) = L(s, t) — p(t) 


Z| 
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tion (4); we must investigate under what conditions a solution 
of (4) is also a solution of (1) and (2). 

Case I. M(s,t)#0. There exists a solution $(s) of the 
equation (4); multiply this equation by p(s) and integrate from 
a to b and we see that ¢(s) satisfies the condition (2), unless 
the corresponding characteristic number is given by 


f 
ry fx (8, t)p(s 


Suppose first that \ + 2,; then it can easily be verified that 
$(s) satisfies both (1) and (2). 

If A, is a characteristic number of the kernel J/(s, ¢), the 
function p(s) is always a corresponding solution, and p(s) is 
clearly not a solution of (1) and (2). Let ¥(s) be any other 
solution of (4) corresponding to 2, ; then the function 


A, = 


{ 


[p(s)]*ds 


s a solution of (4) and also of (1) and (2). Hence there exists 
a solution of (1) and (2) unless A, is the only characteristic 
number of M(s, t) and p(s) the only corresponding solution ; in 
this case M(s, t) has the form 


¥(8)— 


(5) M(s, t) = kp(s)p(t), 
where |: _ some constant not equal to zero. 
Case I M(s,t) = 0. The equations (1) and (2) have no 


solution a identically equal to zero. 

The final result is that the given integral equation always 
has a solution unless A(s, t) and p(s) satisfy the relation (5) * 
(where k may take the value zero). Further, the solutions 
of (1) and (2) form an orthogonal system of functions. 

From the expansion theorem for the symmetric kernel 
M(s, t) we obtain the following: any function 7‘(s) expressible 
in the form 


* The exceptional cases are not indicated in the dissertation referred to. 


= 
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f(s)= | K(s, 


where ¢(s) is any continuous function satisfying 


b 
= Q, 


can be developed into the uniformly convergent series 


ps) { 
fs) = —3—— + E4() 


where ¢,(s) are the normalized solutions of (1) and (2). 

That this expansion may not hold in case 9(s) is any con- 
tinuous function (as Mr. Cairns states the theorem) is shown 
by the special example 


K(s, t) = A(s)p(t) + AMp(s) + B(s) BO), 


A(s) + cB(s), = 0, f B(s8)p(s)ds = 0, 
(8) = p(s). 


THE UNIFICATION OF VECTORIAL NOTATIONS. 


Elementi di Calcolo vettoriale con numerose Applicazioni. By 
C. Burai-Forti and R. Marcotoneo. Bologna, Nicola 
Zanichelli, 1909. v-+ 174 pp. 

Omografie vettoriali con Applicazioni. By C. Burai-Fort1 
and R. MarcoLonco. Torino, G. B. Petrini, 1909. xi+ 
115 pp. 

1. Ix view of the plan that the fourth international congress 
of mathematicians held at Rome in 1908 should discuss the 
notations of vector analysis and perhaps lend the weight of its 
recommendation to some particular system, Burali-Forti and 
Marcolongo awhile ago set themselves the laudable but some- 
what thankless task of collecting and editing all the historical, 
critical, and scientific material which might be indispensable to 
a proper settlement of the question by the congress, and this 
material they published in a series of five notes beginning in 
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the twenty-third volume (1907) of the Rendiconti of Palermo 
and running through several succeeding numbers and volumes. 
It is needless to observe that the work was accomplished with 
the expected accuracy. It was, however, not done with all 
the completeness desirable. The attention of the authors was 
turned almost exclusively to the minimum system most useful 
in mathematical physics, that is, to the questions of addition of 
vectors, of scalar and vector products, of differentiation with 
respect to a scalar, and of differentiation with respect to space 
(gradient of a scalar function and divergence and curl of a 
vector function of position). Considerable discussion was 
given to quaternions but the fact was fully recognized by the 
authors that many subjects which might rightfully have been 
treated were omitted — among which the linear vector function 
(Hamilton) or quotients and Liickenausdriicke (Grassmann) or 
dyadies (Gibbs) were perhaps the most noteworthy. 

The authors not only followed their initial program ; they 
went furtherand themselves recommended a particular minimum 
system of notations essentially like any and all of those now 
employed but differing in the symbols selected. Thus did it 
appear that these strivers after unification were prone to follow 
the path of all unifiers and introduce still greater diversity. 
Seemingly the universal language of vectors, like the universal 
commercial language, is destined to suffer constantly new 
amendments at the hands of its zealots. The conception of 
unification as conceived in the mind of each enthusiastic unifier 
appears to be that he shall disagree with everybody and that 
everybody shall then agree with him. For the scalar product 
of a and b the recommendation is a « b, for the vector product 
it isa \b, for the gradient we have grad, and div and rot for 
the divergence and curl. The symbol 7 is abolished. The 
suggestion a» b for the scalar product seems particularly infe- 
licitous in view of the fact that this notation is in actual use for 
the vector product. So far as we are aware, this is the first 
suggestion which violently and confusingly differs from a nota- 
tion which has become fairly widely established. It is true that 
Grassmann in some of his papers used the cross as a symbol 
of scalar multiplication ; but the rare and unimportant histori- 
cal use of a symbol seems hardly a sufficient reason for the 
present adoption of the symbol in the face of actual modern 
usage which is tolerably popular. No such objection can be 
urged against the use of \ for the vector product — that nota- 
tion is altogether new. 
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With regard to the necessity for new systems of notations we 
would point out some facts. First there are already available 
three elaborately and consistently developed systems which repre- 
sent a considerable portion of the life-work and life-thought of 
three great minds, namely, the systems of Hamilton, Grass- 
mann, and Gibbs. Any of these is entirely adequate for usage 
in physics and in addition each represents a distinct attitude 
toward the science of multiple algebra. Hamilton’s theory was 
developed from the double point of view of the theory of sets 
and of the exigencies of an analysis for three dimensional space. 
It represents algebraically the whole domain of linear associative 
algebra. Grassmann’s work gives a general science of extensive 
magnitudes in any number of dimensions and contributes to 
algebra the important idea that a product need not be a quantity 
of the type of either factor. It is the prime geometric algebra. 
Gibbs’s view seems to have been to fuse all these elements and 
the theory of matrices into a general science of multiple algebra 
(as distinguished from many individual sciences of different 
multiple algebras) and to construct from his general point of 
view a particular system especially fitted for his fellow physi- 
cists. In addition to these great scientific analyses of space we 
have the analysis adopted by the Encyclopedia and many present 
writers, especially in Germany. This system may apparertly 
be characterized as opportunist in that it seems to have been 
selected largely in haphazard fashion as a sort of convenient 
abridged notation. From the sentimental view of scientific 
fitness and justice it would appear desirable to adopt, if any 
definitive adoption must be made, one of the systems connected 
with the name of a great scientist and constructed on scientific 
principles. From the practical point of view it might be 
convenient to adopt the opportunist system already so widely 
used. The hue and ery about the confusion due to the great 
diversity of notation is largely hysterical. An examination of 
current literature will show that there is very little diversity 
and that of the works currently written in vectorial notation 
not only a plurality but an actual and considerable majority are 
written in the opportunist system. The chief reason vectors 
are not more used is not this alleged confusion and diversity so 
much as it is inertia. The “news items” and “information ” 
and “reasons” which are spread broadcast concerning vectors 
are about as true, about as fundamental, and about as much 
founded in fact as those scattered into the air about the markets 
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for stocks and commodities. With regard to new systems we 
may mention that Gibbs, with a modesty not universally in 
evidence, for many years refrained from publishing his system 
and from allowing it to be published (although he privately 
printed it for his own convenience and for that of his students) 
because he felt it did not present sufficiently original differences 
from existing methods. His attitude was perhaps unfortunate. 
The world may have been in need of the new systems ; it may 
still be in need of new systems ; this, at any rate, is the opinion 
of the authors whose works are under review. 

Further to spread the new system and to offer to Italian sci- 
entists and students a treatise on vector analysis in their own 
language, the authors have written two short volumes of which 
the titles appear at the head of this review. It is surely a 
good thing that there is now at least one systematic treatment 
of vector analysis in Italian. The first volume, Calcolo vet- 
toriale, takes up the matters mentioned as belonging to the 
minimum system; the second, Omografie vettoriali, discusses 
what is equivalent to the linear vector function. In their 
prefaces the authors state that their books differ profoundly 
both in method and in notation from all previous texts of 
recent years — differ in method because they intend to operate 
in an absolute manner on geometric entities, whereas ordinarily 
vectors and their operations are tachygraphic for coordinates ; 
and differ in notations by the adoption of their own recom- 
mendations. It will be impossible for us to discuss these books 
apart from the contributions of the authors to the Rendiconti 
and to L’ Enseignement Mathématique, which has so considerately 
opened its columns to an interchange of views by all interested 
in vectorial notations. Quotations will be made indifferently 
from all these sources according as they may be needed. 

2. In commencing the detailed review of the two books, 
mention should be made of the fact that they contain not so 
much a pure vector analysis as a point and vector analysis with 
the emphasis on vectors. Thus the vector is introduced as the 
difference B — A of two points and such equations as 


P=A+2B-—A) 4+, 


for a line and for the position of a point are found. There is 
much to be said for this procedure, which introduces the origin 
explicitly into the analysis in addition to the system i, j, k. 
Its advantages and disadvantages reative to the usual pure 
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vector analysis will be clear to all readers. On the mathemat- 
ical and logical side this usage of the authors is highly com- 
mendable ; it opens the way for the consideration of Grass- 
mann’s geometrical algebra and eliminates the origin wherever 
unessential. Whether physicists, who have a tendency to limit 
their analysis to an irreducible minimum, will welcome the 
addition of a little point analysis is doubtful. In other respects 
the first three chapters give a treatment of addition and multi- 
plication of vectors in much the usual way and with much the 
usual applications. 

With Chapter IV there is an interesting departure from the 
ordinary texts. The operator i, as a quadrantal versor in a 
plane, is introduced by the equation * ix = ux, where x is nor- 
mal tou. That this operator i, as regards its repetition, obeys 


the law ? = — 1 of i= Y — 1 is pointed out. The equations 
(ia)-(ib) =a-b, a» (ib) =b (ia), 


however, show the reader at once that here the i is not an 
ordinary scalar subject to 7? = — 1. For if this were the case, 
ia-ib would be —a-b, and like changes of sign would occur 
in other formulas. This fact taken with the fact that the 
operator i really depends on the vector u which enters into its 
definition seems to militate greatly against the usefulness of 
this chapter and the advisability of its general acceptance. It 
appears unfortunate to use a symbol so familiar as 7 in a sense 
which precludes its fuller treatment according to the same 
formal laws as it ordinarily obeys. This impression is but 
strengthened by the sight of the equations 


and others of that ilk for rotations through various angles. It 
may well be, however, that the unfavorable impression is due 
merely to the unfamiliarity of the symbols, or rather, to a 
familiarity with them under the form of scalars subject to the 
laws of (complex) scaiars. 

After a brief mention, in Chapter V, of the differentiation 
of a vector with respect to a scalar the vitally important subject 
of differentiation with respect to space, that is, of gradient, 


* Here and throughout the review the notations of the authors are trans- 
lated so far as possible into the notations of Gibbs, which are probably more 
familiar to readers of the BULLETIN. 
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divergence, and curl, is treated in Chapter VI. The gradient is 
defined by the equation * 


(1) dV = (grad V).dP. 


Two remarks may be made. In the first place this definition 
is intrinsic or absolute, that is, devoid of reference to coordi- 
nate axes, and therein conforms to the usage we have always 
indicated as the best for defining 7V. The second observa- 
tion is that the authors here and elsewhere use dP, the differ- 
ential of a point, instead of dr, the differential of a vector. 
This has the advantage that no origin is implicated in the defi- 
nition. Whether this advantage is sufficient to compensate for 
the slight complication of the combined point and vector analysis 
as against the simple vector analysis is a matter of individual 
opinion. The authors have a violent dislike for the symbol 7 
and not only give up its use but urge vehemently that it should 
be universally abandoned. This matter will be discussed later 
in section 4. 

The defining equations for curl V and div V are given in 
the absolute vectorial form 


2) dr x 6r-curl V = or-dV — dr-8V. 
(3) div V = a. [grad (a-V) + curl (ax V)], 


where dr, dr are two differential displacements (written dP, 
SP in the text) and dV, 6V are the corresponding differ- 
entials of V; and where the equation (3) is supposed to hold 
for any constant vector a; and where finally we have seen fit 
for ulterior purposes to rearrange the order of the vectors in 
the products. These are highly ingenious definitions and have 
much to commend them. It will be noticed that (2) is sug- 
gested at once by the expressions that occur in the proof of 
Stokes’s theorem by the method of variations ; the definition of 
the divergence appears more artificial and is less intimately 
connected with the fundamental characteristics of div V; both, 
however, are well adapted to establish some of the important 
formulas of the differential calculus of vectors and should 
therefore have the serious attention of students of the presenta- 
tion of vector analysis. 

It should be noticed that as defined by (1) the gradient is 
immediately interpretable in its physical sense as that vector 


* Compare, in Gibbs’s notation, dr- 7 V=dV. 


| 
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which gives in direction and magnitude the most rapid rise of 
V. Now the basal significance of curl V is found in the fact 
expressed by Stokes’s theorem that the induction of curl V 
through a surface is equal to the integral of V around the 
boundary, and the basal significance of div V lies in Gauss’s 
theorem that the integral of div V over a volume is equal to 
the induction of V through the bounding surface. Hence for 
physical reasons definitions like 


(2’) dS8-curl V = fay, 


(3’) dr div V = [as-v, 


where dS is an element of surface and dt an element of volume, 
are preferable to the analytic definitions of the authors, and 
they have the added felicity to be immediately connected with 
the proofs of Stokes’s and Gauss’s theorems. They have the 
disadvantages that they are not so easily available for the proof 
of formulas of differential calculus and that they mix differ- 
ential and integral calculus. Whether on the whole the advan- 
tages are with (2’), (3’) as against (2), (3) must remain largely 
a matter of personal preference. 

3. It is in this same chapter that the authors reveal their re- 
markable discovery that the laplacian operator 


is essentially different according as it is applied to a scalar or 
to a vector function. Upon this discovery they are especially 
insistent on every possible occasion.* They even go so far as 
to introduce different symbols A and A’ for the operator accord- 
ing as the operand is scalar or vector. Then they are able to 
write 
AV = div grad JV, 

(4) A/V = grad div V — curl curl V. 


Whereupon they add: You see at once what an immense differ- 
ence there is between the two operators A and A’ for which 


* Calcolo vettoriale, p. 72; Omografie vettoriali, p. 61; and L’ Enseignement 
Mathématique (1909), p. 462, from which the quotation below is taken. 


| 
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authors have adopted the single symbol A, because these opera- 
tors have the same cartesian expression. That is no reason to 
use a single sign to designate very different things ; on the con- 
trary it shows once more that the systematic use of coordinates 
may introduce pseudo-operators which have no longer a geo- 
metric and logical character. 

Now it is rather curious and decidedly regrettable that two 
such eminent authors, who work in a country conspicuous for its 
researches in the logic of mathematics and of whom one is him- 
self illustrious for such investigations, should adduce the equa- 
tions (4) as a reason for the essential difference of A and A’. 
It merely goes to show how restricted is their point of view in 
the mathematics of the subject and how deficient in the physical 
interpretation thereof. If the authors were not so eminent and 
if we did not have so high a regard for most of their work in 
mathematics and mathematical physics, we should pass over 
these remarks of theirs without further comment and in full 
confidence that no very great number of mathematicians or 
physicists would fall into their way of thinking. Unfortunately 
that course is not open to us. The higher the sources from 
which vicious doctrines are promulgated, the more patient and 
painstaking must be their refutation. All that equations (4) 
do is to give two different expressions which are equivalent in 
the two respective cases to the laplacian operator. The second 
expression cannot be applied in the first case because the opera- 
tors div and curl cannot be applied to a scalar; the first ex- 
pression can be applied in the second case if one knows how to 
define the gradient of a vector function and the divergence of 
a linear vector function, but the authors do not give these defi- 
nitions and there is no need to give them now.* 

The laplacian operator is probably best known to mathe- 
maticians in connection with Laplace’s equation and harmonic 
functions. It is a fundamental theorem on harmonic functions 
that the average value of the function upon the surface of a 
sphere is equal to the value at the center, and it is an imme- 
diate corollary that the average value throughout the sphere is 
equal to the value at the center. Nowas the laplacian operator 
occurs so frequently in fundamental physical problems, it is a 
reasonable assumption that the operator represents some in- 
trinsic or absolute characteristic of a field and does not depend 
in any other than an accidental way upon cartesian coordinates. 


* See, however, (1), (2), (3) of section 7 below. 


1910.] UNIFICATION OF VECTORIAL NOTATIONS. 423 


And Maxwell pointed out this characteristic which may be 
called the dispersion. The laplacian operator may in fact be 
defined by either of the equivalent intrinsic or absolute 
equations 

(5) = 6(p — $) = 10(¢ — 9), 

where 7 is the radius of an infinitesimal sphere and ¢, ¢ are 
respectively the average value of @ upon the surface and 
throughout the volume of the sphere. This definition is com- 
parable to (2’), (3) for divergence and curl in that it depends 
on integration. But it is incomparably simpler than either of 
them. For they depend upon scalar products, whereas this 
depends only on addition as implied in averaging. 

In other words the laplacian operator may and should be 
defined by its intrinsic properties such as are expressed in (5), 
and when this definition is given it appears that the operator 
is equally applicable and with the same significance to any 
quantity @ which satisfies the laws of addition, that is, to the 
elements ¢ of any linear algebra regarded as functions of posi- 
tion and in particular to scalar functions, vector functions, 
dyadic or linear-vector-function functions, and to planar vector 
or bivector functions. The laplacian operator is in no wise a 
pseudo-operator, there is no immense nor even any slight essen- 
tial difference in its application to various linear fields, and 
there is no more reason for representing it by different symbols 
than there is for representing addition by different symbols. 
With all these facts Maxwell was familiar and so was Gibbs. 
The really accidental phenomenon is that the laplacian operator 
can be expanded in either of the forms given by (4). 

4. It has been remarked that the authors do not use 7 for 
grad, and it is a corollary that they should not use 7 = and 
v7 -for curl and divergence, which they write as rot and div. 
In regard to all these operators they remark that: The operators 
V+, 7 xare absolute because div and rot may be defined with- 
out coordinates as in (2), (3); but 7, on the contrary, is an 
essential tachygraph and the sign x or-which follows it is an 
operator which without coordinates has no meaning.* It is 
apparently for such reasons as these that they discard 7 from 
their calculus. Now it fails to appear clear to us why grad 
Vor 7 Vis not defined by (1) quite as absolutely and just as 
independently of coordinates as curl V or 7 = V by (2) and div 
V or v-V by (3). Inasmuch as the definitions 7 V, 7-V, 


id L’ Enseignement Mathématique (1909), p. 466. 
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v7 «V are identical with those for grad V, div V, curl V, or 
_may be taken so, any dependence of one set on coordinates 
should establish an equal dependence for the others—and we 
believe that in neither case is there any such dependence. 

The question, however, does arise as to the availability of 
the detached symbols 7, 7-, 7 x, or grad, div, curl. Now 
in case three totally different symbols like the last set are 
chosen for the three types of differentiation, there can be little 
object in separating the operators from the operands and no 
analytic algorism is suggested. But if the symbols 7, 7-, 
Vv x are used and if their use indicates a simple and suggestive 
algorism by means of which differential formulas may be re- 
membered, then the detaching of the operators from the operand 
or better the introduction of the idea that the symbols 7, 7 =, 
Vv -should be interpreted as a combination of the operations 7, 
<,+is forcibly reecommended.* For those who scorn analytic 
algorisms and prefer to remember a lot of distinct formulas, 
this argument is not impressive ; but by far the larger number 
of persons like to have a notation which is algorismic in the 
sense that in itself it suggests the proper analytic transforma- 
tions, and there is a very wide belief that there is much of 
mathematical value in a notation which has the felicity to be 
suggestive. The question, then, as to the preference of 7, 7-, 
V7 «over grad, div, curl, is not one of dependence or independ- 
ence of coordinates but one of analytic felicity. 

To investigate this matter more closely, let it be granted that 
V+, represent some sort of differentiation so that they 
may appropriately be called differentiating operators and may 
be expected to obey the fundamental laws of differentiation 


(6) Diw+vr)=Du+ Dev, Dw) = Dur) + Dur), 


where the subseripts u and v denote that u and v respectively are 
considered as differentiated subject to the constancy of the other. 
As 7 Vis a vector when V is scalar, the operator 7 may prop- 
erly be called a vector operator and hence a vector differentiat- 
ing operator. Next it is but natural to observe that the vector 


* These remarks and those which follow, although written in the notation 
of Gibbs, should not be interpreted as limited to any particular system of 
notation ; the recommendation is merely that, whatever be the notation for 
the scalar and vector products, the notation should be preserved and combined 
with ‘/ or some equivalent sign of differentiation to express the divergence 
and curl of a vector function, while \/ or its equivalent gives the gradient 
of a scalar function. 
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characteristic of V7 is maintained in 7-V and 7 x V provided 
that the - and x be considered in their usual general significance 
as operators which respectively combine two vectors into a 
scalar and into a vector. That there may be less chance for 
misconceiving our meaning, it may be stated that up to this 
time none of the operators is supposed to have had any cartesian 
interpretation and that the - and x cannot be considered as repre- 
senting scalar and vector products of V7 by V in the usual 
sense. The entire aim is to examine the formulas for differen- 
tiation with a view to determining whether or not the symbols 
obey the laws (6) of differentiation and the laws of scalar and 
vector products to an extent sufficient to warrant the statement 
that they are analytically suggestive.* 
The formulas of differentiation as given by the authors are 


V(cV)=cVV, v-C=0, vxC=0, 
V(U+V)=V7U4+ 97V, 

Vv x(VU)= Vy 
vx(VxU)=?? 


The results of the first three lines are certainly suggested by the 
fact that 7 is a differentiating operator and subject to the first 
of equations (6). The results of the next line are similarly sug- 
gested by the second of equations (6). To show the procedure 
in greater detail : 


V x (VU) =Vr~x (VU) + Vy x (VU) 
VxU + 


The scalar V when variable is passed out next to 7 for differ- 
entiation, leaving the x between two vectors 7 V7, U; and the 
scalar V when constant is passed out past the sign of differen- 
tiation. The formula of the last line is treated in a similar way, 
but the additional laws for the interchange of dot and cross in 


* The fact that 7 may be expanded as i(¢/ézr) + j(¢/éy) + k(e/éz) and 
that then curl V and div V may be regarded as the formal products 7 * V 
and  - V obtained according to the laws of multiplication would, from the 
present point of view, be the last instead of the first argument in justification 
of the notations. 
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a triple product or for the interchange of order in a vector 
product are used. 


= Vyx — V) 
=(V V)-U-(7 U)-V=U-v V—V-7 U. 


The fact that the notation suggests the result is clear. 

It is desirable to go somewhat further. The authors remark * 
that 7 « (VU) cannot be expressed in terms of grad, div, and 
curl, and they use libellous language toward the operator a- 7 
— we believe they imply that it is an essential tachygraph ! 
Now we have a fondness for this operator because, if a is a unit 
vector, it gives the directional derivative of a vector function. 
We propose therefore to inject this operator into their system 
in a manner quite in sympathy with their definitions of curl 
and divergence. Consider 


(7) =(a-V) 7 — (ae 7) V = 9 (a-V) = 


where a is a constant vector. This formula has been obtained 

by expanding ax(V7 V) just as ax(bxV) would be expanded 

and by the transference of 7 in the first term toa position where 

it differentiates V as it should. Whether or not this procedure 
is regarded as accurate, the definition may be given that 


(7’) (a-7)V= (a-V) —ax(7~V), 


and this definition of (a+) V is no more artificial than their 
definition (3) of div V. Next let dr be any vector, consider 
a as the differential dr, and apply the definition (2) of curl. 


dreax =a-dV — dr-8V, by (2), 
dr-7(a-V) = d(a-V) =a-dv, by (1). 
.dr-[(a-7)V] =a-dV —a-dvV — dr- dV = dr- dV. 
{8) or (ér-v7)V = OV. 


The last result is found by canceling the arbitrary vector dr. 
* Calcolo vettoriale, p. 68, Omografie vettoriali, p. 51. 
+The directional derivative, like the laplacian operator, is a scalar 
operator and, like it, may be applied to the elements © of any linear field 
when °¢ is regarded as a function of position. The definition as given in (7) 
does not, however, apply in the general case, owing to the vector operations 


which it contains. In this respect (7’) corresponds to (4) and not to (5). 
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It is seen from (8) that (dr-7)V = dV and hence that if a is 
a unit vector (a- 7) V is the directional derivative of V in the 
direction a. Thisresult may be compared with (1). When V 
is scalar, VV is defined and dr-7V=dV; the operation 
(dr- 7) Vis not defined in this case, but may naturally be defined 
as equal to dr-7V. When V is a vector, VV is not defined 
but (dr-7)V_ is defined and the probability is suggested that 
at some future time it may become convenient to define VV by 
the relation dr- 7V =(dr-v)V =dV. At any rate with this 
addition of the directional derivative to the system, expressions 
for 7 x(VxU) and 7 (V-U)* may be found and are identical 
with those suggested by the formal method. 

A word may be added concerning derivatives of the second 
order. Here there are three important identities. 


V°evxV=90, vxvV=0, 


Of these the first two are naturally suggested by the vector 
characteristics of 7 and the third, which is equivalent to (4), 
tallies with the formal expansion analogous to that used in (7). 
Now it is by no means our intention to regard these formal 
derivations of the fundamental formulas of differentiation as 
proofs of those formulas, but merely as proofs of the statement 
that the notations involving 7 are analytically suggestive and 
that for this reason these notations are far preferable to those 
like grad, div, curl. It may perfectly well be that they have 
disadvantages which should cause their abandonment ; but these 
disadvantages should be clearly stated and the statements 
should be true and not mistaken. The only statement which we 
have seen and which we regard as true relative to the disadvan- 
tages of the notations 7, 7-, 7 x is that they do not suggest 
the physical significance of the operations as well as grad, div, 
curl do. Whether this nominal infelicity outweighs the ana- 
lytic suggestiveness must be left to individual opinion.+ 


* The result (U°V) = (VU)*V + (V/V)°U which the formal method 
indicates is correct ; but, as it is meaningless without definitions of \7U and 
VV, another form involving the directional derivative and the curl is usually 
given when treating only the minimum system. 

+The reader will recall that at times there have been serious objections 
urged against replacing the S and V in the notations Sab and Vab for the 
scalar and vector products by other symbols, for the reason that no other nota- 
tion so forcibly suggests which product is scalar and which is vector ; never- 
theless the S and V are not used much now. 
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5. The first half of the Caleolo vettoriale has now been 
covered. The second half, which is entitled applications, 
starts with a treatment of geometric applications, especially the 
tangent, normal, and binormal to curves. Here the use of 
vectors has decided advantages over the usual methods. 

The second chapter on applications deals with fundamental 
theorems of integral caleulus more than with applications. The 
formulas 


fv-Vdr=fV-ds, 


which are equivalent to an integration are given and proved. 
These formulas and many similar ones are al] consequences of 
the operational equation (where any sign or no sign of multipli- 
cation may be inserted after 7 and dS) 


SS y= f ) 


of which the proof or for which a justification may easily be 
given. Green’s theorem, Stokes’s theorem, and the formula 
for the rate of change of the flux of a fluid through a surface 
are the other topics of the chapter. The applications to me- 
chanics come next and are tolerably numerous — velocity and 
acceleration of a point and their resolutions along various direc- 
tions, central motion, kinematics of a rigid body, motion of a 
rigid body in its plane, equilibrium of strings, motion of a rigid 
body in space. The selection of topics and the method of dis- 
cussion are both admirable. It is here that the authors find 
considerable use for their operator e* which establishes a rota- 
tion through the angle ¢. 

The applications of a more physical character follow. A 
short chapter on hydromechanices sets forth the derivation of the 
equations of motion, vortical motion, and velocity potential. It 
is interesting to remark how short, direct, and elegant is the 
treatment of these fundamental questions by vectorial methods. 
The elements of the theory of the equilibrium of an isotropic 
elastic body is given. The volume closes with applications to 
electromagnetism including retarded potentials, Maxwell’s equa- 
tions, the Poynting vector, integrals of the equations, and fin- 
ally Lorentz’s equations. It may therefore be seen that this 
volume affords a very good introduction to the elementary 
general theories of mathematical physics in addition to its pres- 
entation of the most important parts of vector analysis. The 
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work cannot fail to be of interest to physicists and to students 
of vectorial methods. In it may be found numerous suggestions 
that merit wide-spread adoption. The large amount of material 
which has been put into.a small space without any apparent 
crowding or obscurity is especially noteworthy and has been 
accomplished largely by adherence to the program of using 
purely vectorial methods. Somewhat greater reference to coor- 
dinates might have made the work easier to read for those who 
previously were unacquainted with vectors, but certain com- 
pensating disadvantages would undoubtedly have arisen. 

6. The second volume, Omografie vettoriali, is divided into 
three chapters which treat respectively homographies or linear 
transformations with a fixed origin, differentiation with respect 
to a point, and applications to mathematical physics. In addi- 
tion there is an introduction which presents a few generalities 
on linear operators or transformations and an appendix which 
contains some added developments in the analytic theory of 
homographies and some applications to the differential geometry 
of surfaces. The linear transformation or homography is 
designated by a small Greek letter and the vector which results 
from the application of the homography « to a vector u is de- 
noted by ou. The invariants of a are written as Ja, Ia, Ia 
and are defined by the equations 


au xX 


= “ax vow I,a I(x 


with an additional equation involving the second derivative to 
define J,2. It is shown that [,« isindependent of the three in- 
dependent vectors u,v, w which enter into its definition and 
that consequently the other two invariants are also really in- 
variants. The reader will observe that the authors have no 
hesitation about adding together a number 2 and a homogra- 
phy a. They regard a number, whenever convenient, as a 
linear transformation. The meaning of the expression x + a 
would probably be taken from the equation 


x=0 


(e+ aju=au+ou, uw arbitrary. 


Now although this equation may be regarded as a justifica- 
tion of the usage of the authors, the question does arise as to 
whether or not their usage is really good. From the algebraic 
or matricular points of view, which they almost wholly ignore, 
the quantity « is an element of a quadrate algebra containing 
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nine units and having a modulus (often called the idemfactor), 
but the unit 1 is not one of the units as it is in the case of the 
ordinary complex numbers or in the case of quaternions, and 
the idemfactor, which in those cases is 1, is not 1 in the algebra 
of homographies a because 1 is not an element of the system. 
For reasons that perhaps are merely puristic we believe that it 
is better to regard 1 and the idemfactor as distinct and to re- 
frain from identifying multiplication by a number with multi- 
plication in the system. Statements like: If a, 8 are homog- 
raphies and m is a real number, then 
8)=L2+18, I(mz)=mIa, Im =3n, 

seem particularly confused and infelicitous. 

After a brief mention of singular homographies, of the fixed 
directions of a homography, and of the identical equation which 
a homography satisfies, the authors pass to the consideration of 
various types of homographies. According as one of the 
equations * 

xX.ay=y-ox or x-ay+y-ax=0 


may be satisfied, the homography is called a dilatation or an axial 
homography. These correspond to what are often called self- 
conjugate and anti-self-conjugate or symmetric and skew-sym- 
metric matrices or linear vector functions. The symbols D and 
V are introduced so that Da shall represent the dilatation of a 
or self-conjugate part of a and Va shall represent the vector of 
the axial remainder a — Da of. The result is that « may be 
written as 
a=Da+ Vax, and Ka= Da— Vax 


is thereupon taken as the definition of the conjugate of 2. Both 
these equations must be regarded as operational equations and 
not as equations in multiple algebra. In this respect they are 
like x+ a. To obtain the transformation of plane areas re- 
garded as vectors, the symbol FP is introduced by the definition 


Ra(xxy)=oxxay, and Ca=Ja—a 


is another definition which is reserved, however, for the ap- 
pendix. There follow a large number of formulas connecting 


* Readers familiar with current notations in linear associative algebra or 
with the notations of Hamilton, Gibbs, Cayley, or Clebsch-Aronhold for such 
equations as these will notice the lack of symmetry in the authors’ use of 
the sign of multiplication and probably will regret that the idea of a post- 
operator was not introduced on a par with that of a pre-operator ; this, how- 
ever, would have involved the authors in serious notational difficulties. 


— 
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the symbols I, D, V, K, Ras applied to homographies (includ- 
ing real numbers). An additional symbol H is introduced so 
that H(u, v) may represent what in Gibbs’s system is the dyad 
vu. More relations between the symbols are given. Finally 
the chapter ends with a discussion of singular homographies 
and of versors and perversors. 

From what has been said it will appear that the point of 
view of the authors is operational and not algebraic. Whether 
by taking this method and introducing these symbols they have 
materially added to the unity or unification of vectorial nota- 
tions may be debated. Had they not been so insistent on the 
necessity of unification, we should say that these new methods 
and notations added an interesting and instructive diversity to 
the subject, and that the more points of view we had the better 
off we were both in a scientific and in a pedagogical way. 
Undoubtedly the best and most thorough way for anybody to 
learn a subject that is new and unfamiliar and unsatisfactory 
to him is to rewrite the subject according to his own desires ; 
this replaces mere receptivity by original activity and lends a 
zest to the study. We should be happy to see everyone who 
is interested in vectors and who believes in their necessity 
adopt the authors’ method and make the analysis suit himself. 
The adherents of unification would probably regard this prof- 
fered liberty as an invitation to license in any case other than 
their own. In fact although they are perfectly willing to use 
the operators i and e** in a somewhat unusual way and to add 
numbers and homographies in a manner not in accord with the 
most careful practice, they are unwilling to let others use a 
single symbol for the laplacian operator or the notations 7 and 
a+ which are of long standing and like the laplacian operator 
are almost universally believed to be essential operators inde- 
pendent of the axes of reference. 

The question of the choice between the operational and 
algebraic treatment of strains deserves the most careful con- 
sideration if the proposition to abandon one and confine the 
attention to the other is seriously maintained. Linear operators 
are important. Owing to the researches of Volterra, Hadamard, 
Fréchet, and others, their importance is becoming rapidly ex- 
tended to the domain of higher analysis. Hence it seems as 
though so much of the theory of linear operators as is applicable 
in general should be presented in the treatment of strains. 
The real question is whether the method should be applied to 
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strains in a detail which is not available in general and to the 
exclusion of the algebraic treatment. Without going into the 
matter of multiple algebra in general, mention may be made of 
the very important subject of matrices, which may now be 
studied so readily in the excellent presentation given by Bocher 
in his Introduction to higher algebra. That there is a sort of 
isomorphism between matrices of the third order and strains 
can hardly be denied, and the isomorphism extends to matrices 
of higher order and strains in spaces of higher dimensions. 
Apart from the introduction of an arbitrary factor of propor- 
tionality, collineations in n — 1 dimensions may replace strains 
in n dimensions. The subject of matrices is naturally so pre- 
sented that one who is familiar with it cannot be said to be 
unfamiliar with the theory of strains, especially as that theory 
is presented by Gibbs. And it seems only fair toward the 
student who for any reason learns the theory of strains to 
present that theory in a way which makes it conversely true 
that one who is familiar with the theory of strains cannot be 
said to be really unfamiliar with the theory of matrices. It is 
doubtful if the operational method is fair in this sense. More- 
over although the algebraic method may not always appear 
quite so direct as the operational, it has the advantage of pos- 
sessing an important algorism—the algorism of multiplica- 
tion — which adds considerably to the ease of acquisition and 
offers some insight into the general domain of multiple algebra. 
In fine, the algebraic method seems to us to afford so much of 
the operational point of view as is useful for the general theory 
of linear operators and in addition to offer intimate points of 
contact with the theory of matrices and the theory of multiple 
algebra.* 

7. The chapter on derivatives is shorter but none the less im- 
portant. Ifw is any entity which is a function of position, the 
authors define the derivative 


du du 
(9) dP by =u, 


and they point out that the derivative of a vector is a homo- 


perhaps even fail to realize the setting of the simple vector algebra in the 
wide domain of general multiple algebra. To this is attributable many a 
comment founded exclusively on a too restricted point of view. Whatever 
may be advisable pedagogically, the only scientific aspect of vector analysis 
is in its place in multiple algebra. 


* We believe that a large number of writers fail to bring out clearly and 
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graphy and the derivative of a homography is a linear operator 
which converts a vector into a homography. If uw is a vector, 
the derivative of u is not the linear vector function Vu of Gibbs ; 
it is the conjugate (Vu), of that function, because the authors 
apply the differential vector dP after the operator where Gibbs 
writes dr- Yu = du and applies it before. In like manner the 
derivative of a homography is not 7a, but one of its five con- 
jugates. It may be noted that, as the derivative du/dP of the 
present authors and the derivative 7u of Gibbs are both linear 
vector functions, they differ from Hamilton’s yu which is a 
quaternion. Numerous formulas for differentiation are given. 
It should be remarked that Gibbs was familiar with the authors’ 
notation for derivatives but abandoned it in favor of the nota- 
tion Vu, for reasons known probably to no one. Victor Fischer 
in his Vektordifferentiation und Vektorintegration resumes this 
notation and extends it by using a dot and cross in a manner 
suggested by V-uand 7 xu. 
The authors next proceed to define a vector grad 2 by 


da .\. da 

The reader must not be so unwary as to be led to believe that 
the components of the vector grad a are the parentheses. The 
parentheses are linear vector functions which arise from applying 
the derivative of a homography to a vector, and the vector grad 
ais that which results from operating with these homographies 
upon the vectors after the parentheses. Although the definition 
of grad a is thus given in terms of the system i, j, k, the vec- 
tor is really independent of any set of axes. It is unfortunate 
that an absolute definition like those of (1), (2), (3) was not 
given. It looks as if the authors had temporarily fallen back 
to some extent into the fatal slough of tachygraphy against 
which they are so careful to warn us. They go on to remark 
that in case the homography « reduees to a number m, the 
noteworthy result 


(grad m)-dP=dm, Cf. (1), 


arises ; and with delightful ingenuousness they add that this 
relation does not appear to have a correlative for other homog- 
raphies than numbers. Of course not! If the authors had 
seen fit to call the vector defined by (10) curl a or a or any- 
thing else selected at random from the vast realm of mathe- 
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matical notations, they might have observed a similar lack of 
analogy. There is only one exception — if they had called their 
vector div Ka, they would have been surrounded on every side 
with the most persistent analogies. 

Now after seeing the authors complain so much more bitterly 
than anybody else about the chaos of present vectorial notations 
and protest so vigorously against the use of a single symbol for 
the laplacian operator, it is difficult to say whether it is amus- 
ing or depressing to see these same authors introducing the old 
familiar symbol grad in a sense which they naively admit has 
small analogy with its former significance. Do they imagine 
that their present selection of notation will alleviate the chaotic 
condition? And do they find that the use of the same symbol 
for unrelated things is justifiable when it is not for things essen- 
tially identical?* If they had but listened to themselves half so 
attentively as they would have old hands at vector analysis 
listen to them, they would at least for safety’s sake have used 
some other symbol than grad for (10) when they discovered 
that (10) had practically no connection with the well known 
grad. For this reason their choice of grad cannot be attrib- 
uted to carelessness. It must be attributed to deliberateness. 
And this in face of the fact that various persons have used 
the term div in essentially the same sense as the authors use 
grad. Especial mention may be made of the extremely in- 
cisive and suggestive remarks of Prandtl} who treats the very 
subject of elasticity for which the authors are most in need of 
this new symbol. Even if an astute logician found no objection 
to the use of grad for div, it would seem as though a profound 
student of elasticity must feel intuitively that the forces in an 
elastic body arise from the divergence rather than from the 
slope of the fundamental homography connecting the normals 
to plane areas with the pressures upon them.} 


* It is interesting to quote from the authors, L’ Enseignement, p. 466: ‘‘En 
conclusion, peut-on admettre, dans les mathématiques, un méme nom, un 
méme signe, pour indiquer deux choses différentes? Nous ne le croyons pas ; 
par conséquent nous n’avons pas suivi et nous ne suivrons jamais cette voie, qui 
conduit inévitablement a faire des confusions.’’ ‘The italics are ours. 

+ Jahresbericht der Deutschen Mathematiker-Vereinigung, volume 13, pp. 
436-449. This keen article should have the careful attention of all who are 
interested in vectors. 

t The true inwardness of the incidental relation dr.\7m = dm which arises 
when m is a numerical homograpby is seen by writing m in its proper form 
as mI where J istheidemfactor. Then But asI 
is constant, \7°J—0Oand V-(mI)— Ym. Perhaps if the authors had not 
confused m and mI they would not have been led to mistake their relation 
grad m-dP= dm for an analogy with the gradient formerly defined. 
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Although this review is becoming lengthy we may perhaps 
be allowed the space to indicate what is probably the logical 
method of procedure in treating variable strains. With slight 
modifications we might use the authors’ own excellent defini- 
tions (1), (2), (3) and write 


(1) dr- Ju = dregrad u = du, 
(2) dr x dr-curl u = dr-du — dr du, 
(3) div u = a- [grad (a-u) + curl (ax u)], 


where in (1) the entity u might be a scalar, vector, linear vec- 
tor function, ete., and where in (2) and (3) the entity u may 
be a vector, linear vector function, etc., but not a scalar. With 
these definitions the reader may readily show the relation 
between div aand what the authors call grad a. If the methods 
of section 4 are adopted and extended, the definitions of curl 
and div become dependent on that of 7 and the last two defi- 
nitions may be suppressed. In fact these last two are introduced 
in the first instance so that the curl and divergence of a vector 
may be defined without introducing the gradient of a vector 
which would be a linear vector function. In like manner these 
definitions may be retained and the curl and divergence of a 
linear vector function may be defined without using the gradient 
of a linear vector function, which is an operator that converts 
vectors into linear vector functions. It is interesting to note 
that from the point of view of double multiplication (which 
must be considered in any general theory of Liickenausdriicke) 
the definition of the curl may be written 


dr x dre 7 x ® = (drér — Erdr): 7® 
and becomes formally identical with the equation 
ax Beyx =(a8B — Ba):y, (2, 8, vectors), 


which is a special case of a very general relation. 

8. It will not be feasible to give any account of the last 
chapter of the Omografie, which contains applications to 
elasticity and to electrodynamics. There remains no space for 
such comments and there is very little to say. In bringing 
this review to a close it should be stated that the preponderat- 
ing length of our adverse criticisms must not be interpreted as 
a wholesale condemnation of the two volumes. It has doubt- 
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less been noticed that the criticisms have been directed against 
those particular points at which, we feel confident, the authors 
have madeincorrect statements or have unwisely abandoned fruit- 
ful algorisms and have thereby left the reader with a wrong 
or an unfortunately restricted point of view. There is no 
need to emphasize the excellent features of the work. A large 
number of these features are common toa considerable num- 
ber of previous texts on vector analysis; many of them are new. 
The fact that there are so many points in which the volumes 
do not meet our approval is in itself evidence of the value of 
the books to all students of vectorial) methods. In order to 
acquire a thorough appreciation of a subject it is necessary to 
examine various methods and points of view, and the restricted 
or even the wrong ones furnish an amount of instruction which 
is comparable with that furnished by those that are general and 
right. The present advanced state of the theory of functions 
of areal variable is due in no small measure to the inaccu- 
racies or the narrow vision of earlier writers, and a considerable 
amount of present day instruction in this subject goes to showing 
that which is not true and contrasting it with that which is true. 

For the benefit of vector analysis and cognate fields of mathe- 
matics we sincerely urge the general study of this work of 
Burali-Forti and Marcolongo and we especially recommend 
that each student follow their example and construct the system 
that pleases him most. That will be the best possible monu- 
ment to the movement for unification. It will accomplish a 
real unity of knowledge and out of the resulting incidental 
diversity there will come a general and perchance not very slow 
elimination of the less fit and selection of the more fit. What 
the resulting residual system may be we will not venture to 
predict, but that there will be such a system fifty years hence 
we fully believe. And whatever that system may be it should 
and probably will conform to two requirements : 

1° Correct ideas relative to vector fields, 

2° Analytic suggestiveness of notation. 

The first requirement may be fulfilled by proper teaching 
regardless of notation, whether vectorial, quaternionic, or car- 
tesian ; for the physicist the second is perhaps now best exem- 
plified by the system of Gibbs, but the future may develop 
something preferable. 

Epwin WILSON. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
Boston, MAss., January, 1910. 
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SHORTER NOTICE. 


Allgemeine Formen- und Invariantentheorie; Band I. Bindre 
Formen. By W. Fr. Meyer. Leipzig, Géschen (Sammlung 
Schubert, volume XXXITI), 1909. viii + 376 pp. 


In accordance with the general plan of the Schubert series, 
the treatise on invariants commences with concrete examples to 
lead up to general theorems, presupposes no previous knowledge 
of the subject, yet presents a systematic discussion which in- 
cludes all the essentials of this important discipline. 

The entire theory of the quadratic equation, as developed in 
elementary algebra, is reproduced in all detail, and the same 
ideas are applied to systems of equations. Anharmonic forms, 
involutions, Jacobians, are all explained and illustrated. 

Now come linear substitutions, first translations, then infla- 
tions, and finally reciprocations. The general substitution is 
shown to be made up of these three, and those functions which 
are unchanged by the three elementary operations are therefore 
invariant under the general substitution. Conversely, the linear 
substitutions generate groups which may be classified as one, 
two, or three parameter groups, according to Lie. 

Properties of the self corresponding elements of a general sub- 
stitution and of the double elements of an involution are treated 
in a manner that makes this chapter a valuable appendix to a 
course in projective geometry. 

The preceding elementary and very concrete discussion occu- 
pies 118 pages; it is followed by a chapter of 40 pages on 
bilinear and quadratic forms, with an introduction of the con- 
cept of the differential operator. Here again every transforma- 
tion is built up from the elementary ones, the effect of each 
operation upon functions of the coefficients being minutely ex- 
amined., As an appendix some twenty pages are now addéd on 
symbolic representation, no use of which is made in any part of 
the book except in the appendix at the end; in the latter the 
fundamental theorem is proved that every invariant can be ex- 
pressed symbolically in terms of the elementary determinant 
forms. While this theorem is perhaps desirable for the sake of 
completeness, it is presented from such a different point of view 
that the discussion is out of harmony with the rest of the book. 
The treatment is so concise that the proof of the theorem will 
hardly be convincing to the reader, let alone any possibility of 
using the new method in his own work. 
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The second part is concerned with the differential equations 
connected with invariants of binary forms. Given a function 
J(a,, @,,---) which is invariant under the transformation 
A,(h) = x, = &, + x, =&, by which 


n 
Az) = 
i=0 


goes into 
n 
$(&) = D722; 
i=1 


n, being the binomial coefficient n!/(n — i)! i!; if J(a) = J(a) 
under A,(h) and A,(h), it is called an invariant of translation. 
Since a, is a function of h as well as the a, we have 


dJ(a) 
J(a)=Jayt+h dh 


from which J’(a),,-») = 0. 
From this equation the first invariant operator 


n 
Vi= 


i=1 a; 


follows, and similarly the second, 
n— 
Ve ) i+1 Oa, 


There follows a good discussion of the laws of combination of 
these operators and their application to a series of simultaneous 
forms. 

The concepts of order and weight, commutators, and infin- 
itesimal transformation are now taken up and everything 
reduced to the fundamental operators. There are numerous 
examples given for the student to work out; the algebraic 
work in each illustrates the idea nicely, but many could have 
their value increased by showing their geometric meaning, as 
was done in the preceding chapter. 

The second chapter in the second part is concerned with rela- 
tive invariants. The theorem that all the coefficients of a 
binary form lacking the second term are relative invariants is 
given an elegant proof. It is shown how to construct forms of 
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a given order and weight and that every invariant form for f, 
is the source of a covariant for f,,. All these results are 
generalized to apply to a system of simultaneous forms. 

The concept of an invariant is extended to apply to certain 
transcendental forms, including the logarithm and the elliptic 
integrals. By means of the former it is shown that every sym- 
metric function of the roots can be rationally expressed in 
terms of the sum of the powers of the roots and a number 
of related theorems are derived (Waring’s formulas). It is 
now easy to derive the expressions for the discriminant of 
an equation, the resultant of two such equations, and the ex- 
pressions for the elementary relative invariants in terms of the 
roots. A second volume is in preparation which is to extend 
the preceding theory to ternary and quaternary forms. 

To students of analytic geometry and of algebraic functions 
Professor Meyer’s treatise will be of real assistance. 

Vircit SNYDER. 


NOTES. 


Tue April number (volume 11, number 2) of the Transac- 
tions of the American Mathematical Society contains the follow- 
ing papers: “The theorem vf Thomson and Tait and natural 
families of trajectories,’ by Epwarp Kasner; “ The intro- 
duction of ideal elements and a new definition of projective n- 
space,” by F. W. Owens ; “ The groups of classes of congruent 
quadratic integers with respect to a composite ideal modulus,” 
by ArTHUR Ranum; “ A simplified treatment of the regular 
singular point,” by G. D. Brrkuorr ; “ The strain of a gravi- 
tating, compressible elastic sphere,” by L. M. Hosxrys. 


AT the meeting of the London mathematical society held on 
March 10 the following papers were read: By W. F. SHEp- 
PARD, “ Forms of the remainder in the Euler-Maclaurin sum 
formula”; by J. W. NicHoxson, “ The scattering of light by 
a large conducting sphere”; by Miss H. P. Hupson, “The 
3-3 birational space transformation.” 


Tue following papers have been read at recent meetings of the 
Edinburgh mathematical society. January 19: by R.Sancana, 
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“Series for calculating Euler’s constant and the constant in 
Sterling’s theorem”; by D. Mc. SoMMERVILLE, “A problem 
in voting” and “Classification of geometries with projective 
matrix.” February 11: by L. NAVANIENGAR, “ The locus of 
points at which two sides of a given triangle subtend equal or 
supplementary angles”; by J. I. Crate, “ Orthogonal trajec- 
tories in vectorial coordinates.’ March 11: by G. P. Carsiaw, 
“The Bolyai-Lobachevsky non-euclidean geometry; an ele- 
mentary interpretation and some results which follow from it ”; 
by R. J. T. BEL, “ The locus of the lines that intersect three 
riven lines”; by R. C. ARCHIBALD, “ Note on Wallace’s line.” 
£ BJ 


THE Royal academy of sciences, letters and arts of Belgium 
announces the following prize problems for 1911 : 

“ New investigations in the development of real or analytic 
functions in series of polynomials”; prize 800 francs. 

“A summary of the various memoirs on systems of conics 
in space and a new contribution to the theory of these sys- 
tems”; prize 600 francs. 

Competing essays must be written in French or Flemish and 
sent to the secretary under the usual conditions before August 
1, 1911. 


THE publishing house of Gauthier- Villars in Paris announces 
the following additions to the series of monographs on the 
theory of functions edited by Professor E. BoreL: Principes 
de la théorie des fonctions entiéres de genre infini, by O. 
BLUMENTHAL; Lecons sur Ja théorie de Ja croissance, by 
A. Denxsoy; Lecons sur les séries de polynomes A une 
variable complexe, by P. MonteL; Lecons sur le prolonge- 
ment analytique, by L. Zorerr1; L’inversion des intégrales 
définies, by V. Vourerra; Quelques principes fonda- 
mentaux de la théorie des fonctions de plusieurs variables 
complexes, by P. Cousin; Legons sur les correspondances 
entre variables réelles, by J. Dracu; Lecons sur la fonction 
f(s) de Riemann et son application 4 Ja théorie des nombres 
premiers, by H. v. Kocu. 


THE following courses in advanced mathematics are offered 
by the various American universities during the academic year 
1910-1911. 

CorNELL Universiry.— By Professor J. McManon: 
Theory of probabilities, two hours ; Vector analysis, two hours. 
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— By Professor J. H. TANNER: Theory of equations, three 
hours. — By Professor J. I. Hutchinson: Theory of func- 
tions of a complex variable, three hours. — By Professor V. 
Snyper: Descriptive geometry, three hours ; Birational trans- 
formations, two hours, jirst term. By Professor F. R. SHARPE: 
Mechanics, two hours. — By Professor W. B. CarvER: Ad- 
vanced calculus, three hours. —By Professor A. RanumM: 
Theory of groups, two hours. —By Dr. D. C. GILLEspIe : 
Differential geometry, two hours.— By Dr. C. F. Craie: 
Applications to mechanics and physics, two hours. — By Dr. 
F. W. Owens: Differential equations, two hours. — By Dr. 
J. V. McKeELvey: Advanced analytic geometry, three hours. 
— By Dr. L. L. Si-vermMan: Algebra of logic, two hours. 


Princeton Universiry. — By Professor H. B. Fine: 
Theory of algebraic numbers, three hours, first term. — By 
Professor H. D. THompson : Coordinate geometry, three hours. 
— By Professor L. P. E1rsennart: Mechanics, three hours ; 
Differential geometry, three hours. — By Professor O. VEBLEN: 
Linear groups and invariants, three hours, second term ; Pro- 
jective geometry, II, three hours, first term; Projective geo- 
metry, I, three hours. — By Professor G. D. Brrkuorr : Diff- 
ential equations, three hours ; Differential equations of physics, 
three hours. — By Professor E. Swirr: Theory of functions 
of a complex variable, I, three hours.— By Professor J. H. McL. 
WEDDERBURN: Theory of functions of a complex variable, II, 
three hours, second term. 


YALE University. — By Professor J. Prlerpont: Abelian 
functions, two hours ; Thermodynamics, two hours ; Theory of 
functions of a complex variable, two hours ; Modern analytic 
geometry, two hours. — By Professor P. F. SmitH: Geometrical 
analysis, one hour; Differential geometry, two hours ; Ele- 
mentary differential geometry, two hours. — By Professor E. 
W. Brown: Elementary mechanics, two hours ; Advanced 
mechanics, two hours; Advanced calculus, three hours. — By 
Professor W. R. LonG.ey : Caleulus of variations, two hours ; 
Potential theory and harmonic analysis, one hour. -- By Dr. A. 
W. GRANVILLE: Elementary differential equations, one hour. 
— By Dr. G. M. ConweE.: Finite groups, two hours ; Partial 
differential equations of physics, one hour. — By Dr. G. F. 
GUNDELFINGER: Advanced analytic geometry, two hours. — 
By Dr. D. D. Leis: Transformations of space, two hours. 
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Tue following courses in mathematics are announced for the 
summer semester, 1910. 

University oF StrasspurG. — By Professor H. WEBER : 
Definite integrals and introduction to the theory of functions, 
four hours ; Algebra, two hours ; Seminar, two hours. — By 
Professor F. Scour: Projective geometry, four hours ; Theory 
of ordinary differential equations, two hours; Seminar, two 
hours. — By Professor J. WELLSTEIN: Forms and matrices, 
two hours; Vector analysis, three hours; Seminar, two hours. 
— By Professor L. v. Mises: Graphical statics, two hours 
Aérial mechanics, two hours. — By Professor P. EpsTEIN 
Introduction to higher mathematics, two hours. — By Pro- 
fessor M. Stuon: Algebraic analysis in connection with the 
methods of elementary arithmetic, two hours. 


For the year 1908-1909 the list of doctorates with mathe- 
matics as the major subject conferred by German universities 
is as follows (the list for 1906-1908 appeared in the Feb- 
ruary BULLETIN, pages 268-274) : 


Berlin. 


LicuTenstTeEIN, L. “ Zur Theorie der gewéhnlichen Differ- 
entialgleichungen und der partiellen Differentialgleichungen 
zweiter Ordnung. Die Losungen als Funktionen der Rand- 
werte und der Parameter.” 


Breslau. 


Freunp, E. “ Entwickelung  willkiirlicher Funktionen 
vermittelst meromorpher.” 


GoLpMAN, F. “ Poncelet’sche Polygone bei Kreisen.” 


JopKE, A. “Synthetische Untersuchungen iiber lineare 
Kegelschnittsysteme erster, zweiter, und dritter Stufe.” 


Kutem, F. “ Ueber Oerter von Treffgeraden entsprechender 
Strahlen in eindeutig und linear verwandten Strahlengebilden 
erster bis vierter Stufe.” 


Giessen. 


Lepper, H. “ Ueber die invarianten Bildungen von Formen 
mit digredienten Schichten von Variabeln.” 


Scumipt, K. “ Untersuchungen iiber Kurven dritter Ord- 
nuug im Anschluss an eine Grassmann’sche Erzeugungsweise.” 
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WAGNER, R. “ Ueber biniire bilineare und quaternire quad- 
ratische Formen.” 
Gottingen. 


Bo.tze, E. “ Grenzschichten an Rotationskorpern in Fliis- 
sigkeiten mit kleiner Reibung.” 


Harr, A. “Zur Theorie der orthogonalen Funktionen- 
systeme.” 


IHLENBURG, W. “Ueber die geometrischen Eigenschaften 
der Kreisbogenvierecke.” 


Kocu, H. “ Ueber die praktische Anwendung der Runge- 
Kuttaschen Methode zur numerischen Integration von Differ- 
entialgleichungen.”’ 


Scummmack, R. “ Axiomatische Untersuchungen iiber die 
Vektoraddition.” 


Speiser, A. “Die Theorie der biniren quadratischen 
Formen mit Koeffizienten und Unbekannten in einem belieb- 
igen Zahlkérper.” 

Greifswald. 

FINKE, P. “ Ueber Schaaren von oo° Kurven im gewohn- 

lichen Raume.” 


HAauss.eiTer, H. “ Zur Theorie der Pfaffschen Systeme.” 


Lier, O. “ Ueber Flichenschaaren, die durch Beriihrungs- 
transformation in Kurvenschaaren iiberfiihrbar sind.” 


WERNER, A. “Ueber Systeme von drei Pfaffschen Glei- 
chungen im Raume von finf Dimensionen.” 


ZIEMKE, E. “ Ueber partielle Differentialgleichungen erster 
Ordnung mit Integralvereinen, die als Punktmannigfaltigkeiten 
zweifach ausgedehnt sind.” 


Halle. 


BotpMany, O. “ Zur Theorie der iibergeschlossenen Gelenk- 
mechanismen.”’ 


Jonas, H. J. “ Ueber W-Strahlensysteme, Flichendeforma- 
tion und dquidistante Kurvenschaaren.” 
Jena. 


GintzeEL, F. “Ueber Gruppierungen und Realititsverhalt- 
nisse gewisser Punkte bei Raumkurven vierter Ordnung erster 
Spezies.” 
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R0EGNER, M. “ Die Steiner’sche Hypocykloide.” 
Kiel. 

JANSEN, H. “Liickenlose Ausfillung des R, mit gitter- 
formig angeordneten n-dimensionalen Quadern.” 

NevenpDorFF, R. “Ueber Kreispunktpolarkurven.” 

Kénigsberg. 

NeuMANN, A. “ Ueber quadratische Verwandtschaften in 

Ebene und Raum, insbesondere Kreis- und Kugelverwandt- 


schaften.”’ 


Leipzig. 


“ORSTER, R. eitriige zur specie i r Rie- 
Forster, R. “ Beitriige zur specielleren Theorie der Rie 
mannschen P-Funktionen 3ter Ordnung.” 


Meyer, C. ‘Zur Theorie des logarithmischen Potentials.” 
Munich. 


3ERWALD, L. “ Kriimmungseigensche er nnflachen 
BeRWALD, L. “Kriimmungseigenschaften der Brennfliche 

eines geradlinigen Strahlensystems und der in ihm enthaltenen 
Regelflichen.” 


Boum, F. “ Parabolische Metrik im hyperbolischen Raum.” 


Burmester, H. “Untersuchung der wahren Hellegleichen 
auf der Kugel nach dem Lommel-Seeligerschen Satz.” 


Despre, P. “ Der Lichtdruck auf Kugeln von beliebigem 
Material.” 


DeceNHART, H. “ Ueber einige zu- zwei terniiren quadra- 
tischen Formen in Beziehung stehende Konnexe.” 


Howtanp, L. A. “ Anwendung binirer Invarianten zur 
Bestimmung der Wendetangenten einer Kurve dritter Ordnung.” 


NoetHer, F. “Ueber rollende Bewegung einer Kugel auf 
Rotationsflichen.” 


Scumip, A. “ Anwendung der Cauchy-Lipschitz’schen 
Methode auf lineare partielle Differentialgleichungen.” 


Zapp, E. “ Untersuchung eines speziellen Falles des Drei- 
und Vierkérperproblems.” 
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Rostock. 
JECKE, R. H. “ Beitriige zur Geometrie der Bewegung.” 


LANGE, M. “ Vereinfachte Formeln fiir die trigonometrische 
Durchrechnung optischer Systeme.” 


Strassburg. 
Mavessa,G. “ Fokale Eigenschaften korrelativer Grundge- 
g g 
bilde.” 
Tiibingen. 
Casper, M. “ Ueber die Darstellbarkeit der homomorphen 
Formenschaaren durch Poinecaré’sche Z-Reihen.” 


Fritz, H. “ Die Darstellung willkiirlicher Funktionen in 
Anwendung auf die Statistik.” 


OEHLER, H. “ Ueber die Gleichungssysteme, welche man 
aus einer Matrix variabler Elemente durch Nullsetzen der De- 
terminanten gegebener Ordnung erhiilt. 


Wirzburg. 


Wipp_er, W. “ Untersuchungen iiber die allgemeinste lineare 
Substitution mit vorgegebener pter Potenz.” 


ZILLING, J. “ Ueber die infinitesimale Deformation der 
Minimal flichen.” 


Derine the academic year 1908-1909 the following doctor- 
ates with mathematics as the major subject were conferred by 
the University of Paris : 

DienneEs, P. “Essai sur les singularités des fonctions 
analytiques.” 

GAMBIER, B. “Sur les équations différentielles du second 
ordre et du premier degré dont l’intégrale générale est 4 points 
critiques fixes.” 

VeERONE, T. “Contribution 4 Ja théorie des ondes liquides.” 


Mr. L. N. G. Finon, professor of pure mathematics in Uni- 
versity College, London, and Mr. G. H. Harpy, fellow and 
mathematical lecturer in Trinity College, Cambridge, have 
been elected to membership in the Royal Society of London. 


Mr. G. I. Taytor, of Trinity College, Cambridge, was 
awarded a first Smith’s prize for his essay on “ Discontinuous 
motion in gases.” 
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Dr. E. MEIssneEr, of the technical school of Ziirich, has been 
promoted to a professorship of rational mechanics. 


Proressor H. HEEGAARD, of the military academy at 
Waedbeck, has been appointed professor of mathematics at the 
University of Copenhagen, as successor to Professor H. G. 
ZEUTHEN, who will retire at the close of the present academic 
year. 

Proressor A. S. CHEssin has recently delivered lectures on 
the modern theory of the gyrostat at the U.S. Naval Academy 
and at Lafayette College. 


At Columbia University, Professor Epwarp KasNeEr has 
been promoted to a full professorship of mathematics. Mr. H. 
B. Curtis has been appointed instructor in mathematics in 
Barnard College. 


At Cornell University, Dr. F. R. Saarpe, Dr. W. B. Car- 
ver and Dr. A. Ranum have been promoted to assistant pro- 
fessorships of mathematics. Mr. W. A. Hurwirz and Mr. E. 
J. Mies have been appointed instructors in mathematies. 


Mr. A. 8S. HawKeswortHu has been appointed professor of 
higher mathematics at the University of Pittsburg. 


At Haverford College, Professor A. H. W1tson, of the Ala- 
bama Polytechnic Institute, has been appointed associate pro- 
fessor of mathematics, as successor to Professor W. H. Jack- 
son, who returns to England. 
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NEW PUBLICATIONS. 


(In order to facilitate the early announcement of new mathematical books, publishers 
and authors are requested to send the requisite data as early as possible to the 
Departmental Editor, Prorgssor W. B. Forp, 1345 Wilmot Street, Ann 
Arbor, Mich. ) 


I. HIGHER MATHEMATICS. 


BACHMANN (P.). Niedere Zahlentheorie. 2ter (Schluss-) Teil. Additive 
Zahlentheorie. (Teubners Sammlung von Lehrbiichern auf dem Gebiete 
der mathematischen Wissenschaften, X, 2.) Leipzig, Teubner, 1910. 
8vo. 10+ 480 pp. Cloth. M. 17.00 


DinGeLpey (F.). Sammlungen von Aufgaben zur Anwendung der Differen- 
tial- und Integralrechnung. In 2 Teilen. Iter Teil: Aufgaben zur 
Anwendung der Differentialrechnung. (Teubners Semmlung von Lehr- 
biichern auf dem Gebiete der mathematischen Wissenschaften, XXXII, 
i.) Leipzig, Teubner, 1910. 8vo. 6+ 202 pp. Cloth. M. 6.00 


Legon (E.). Gaston Darboux. Biographie, bibliographie analytique des 
écrits. Paris, Gauthier-Villars, 1910. 8vo. 84-72 pp. Fr. 7.00 


Loria (G.). Spezielle algebraische und transzendente ebene Kurven- 
Theorie und Geschichte. Autorisierte, nach dem italienischen Manu- 
skript bearbeitete deutsche Ausgabe von F. Schiitte. (Teubners Samm. 
lung von Lehrbiichern auf dem Gebiete der mathematischen Wissen- 
schaften, V,1.) In2Teilen. lter Band. 2te verbesserte und vermehrte 
Auflage. Leipzig, Teubner, 1910. 8vo. 18+ 488 pp. Cloth. 

M. 18.00 

Mason (M.). See Moore (E. H.). 


Mickiewicz (B.). Das sogennante Fermatsche Problem. Krakau, 1909. 


8vo. 28 pp. M. 2.00 
Minkowsk1 (H.). Geometrie der Zahlen. Leipzig, Teubner, 1910. 2te 
Lieferung. 8vo. Pp. 8 + 241-256. M. 1.00 


Moore (E. H.), Wriczynsx1 (E. J.) and Mason (M.). The New Haven 
Mathematical Colloquium. Lectures delivered before members of the 
American Mathematical Society in connection with the summer meeting, 
held September 5th to 8th, 1906, under the auspices of Yale University. 
New Haven, Yale University Press, 1910. 8vo. 10+ 222 pp. Cloth. 

3. 


$3.00 
NEuMANN (C.). Ueber das logarithmische Potential einer gewissen Oval- 
fliiche. Leipzig, Teubner, 1909. M. 3.00 


Otivo (A.). Sulla soluzione dell’eqnazione cubica di Tartaglia: studio 
storico-critico. Milano, Frigerio, 1909. 16mo. 36 pp. 


PENKMAYER (R.). Beweis des Satzes von Fermat. (Neubearbeitung. ) 
Miinchen, Lindauer, 1910. Svo. 9 pp. M. 0. 


Piterm (L.). Vereinfachte Behandlung der schiefwinkligen Koordinaten 
im Raum. Stuttgart, Metzler, 1909. 


Roeser (E.). Die Verfolgungskurve auf der Kugel. (Diss.) Halle, 
1909. 
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RoTHENBERG (S.).  Geschichtliche Darstellung der Entwicklung der 
Theorie der singuliiren Lésungen totaler Differentialgleichungen von der 
ersten Ordnung mit zwei variablen Griéssen. Leipzig, Teubner, 1908. 

M. 3.60 


ScuutteE (F.). See Lorta (G.). 


SraupeE (O.). Analytische Geometrie des Punktpaares, des Kegelschnittes 
und der Fliche zweiter Ordnung. (Teubners Sammlung von Lehr- 
biichern auf dem Gebiete der mathematischen Wissenschaften, XXX, 1.. 
Iter Teilband. Leipzig, Teubner, 1910. 8vo. 10+ 548 pp. Cloth. 

M. 22.00 


VoLKMANN (P.). Erkenntnistheoretische Grundziige der Naturwissen- 
schaften und ihre Beziehungen zum Geistesleben der Gegenwart. Allge- 
mein wissenschaftliche Vortriige. 2te, vollstiindig umgearbeitete und- 
erweiterte Auflage. (Wissenschaft und Hypothese, IX.) Leipzig, 
Teubner, 1910. M. 6.00 


Witezynski (E. J.). See Moore (E. H.). 


Il. ELEMENTARY MATHEMATICS. 


AvBerT (P.) et PAPELIER (G.). Exercices d’algébre, d’ analyse et de trigo- 
nométrie. Tome II, 4 ’usage des éléves de mathématiques spéciales (2e 
année.) Paris, Vuibert, 1910. 8vo. 363 pp. 


Bavuporn (P.). See BouRLET (C.). 


Bour.et (C.) et Bauporn (P.). Cours abrégé de géométrie, publié avec de 
nombreux exercices théoriques et pratiques et des applications au dessin 
géométrique. I. Géométrie plane, 6e, 5e, 4e, B. 4e édition, rev ue. 


Paris, Hachette, 1903. l6mo. 14 + 408 pp. Fr. 2.50 
Canin (O.). Tafel der Logarithmen des Sinusversus. Berlin, 1909. 

M. 0.90 

CIAMBERLINI (C.). Aritmetica e geometria, per la terza classe complemen- 

tare. Torino, Paravia, 1910. 8vo. 82 pp. L. 1.20 


Dure.t (C. V.). A course of plane geometry for advanced students. Part 
2. London, Macmillan, 1910. 8vo. 372 pp. Cloth. 7s. 6d. 


E1esLanp (J. A.). Advanced algebra for technical schools and colleges. 
W. Va., Eiesland, 1910. 8vo. 156 pp. $2.00 


HarTpDEGEN (F.). Kurzer Abriss der Geometrie. Leipzig, Bange, 1910. 
200 pp. M. 1.20 


H6rver (A.). Didaktik des mathematischen Unterrichts. (Didaktische 
Handbiicher fiir den realistischen Unterricht an héheren Schulen. Her- 
ausgegeben von A. Hétler und F. Poske. Iter Band.) Leipzig, Teubner, 
1910. 8vo. 18+510 pp. Cloth. M. 12.00 


Knops (K.) und Meyer (E.). Lehr- und Uebungsbuch fiir den Unter- 
richt in der Mathematik an den héheren Midchenschulen, Lyceen und 
Studienanstalten. Essen, Baedeker, 1910. 8vo. 


Heft 6 fiir Klasse II der Lyceen. 107 pp. Cloth. M. 1.20 
Heft 6a fiir die Klassen If und I der realen Studienanstalten. 224 pp. 
Cloth. M. 2.00 


Hefi 7 fiir die Klasse Ider Lyceen. 120 pp. Cloth. M. 1.20 
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Kunpt (F.). Arithmetische Aufgaben mit einem Anhange von Aufgaben 
aus der Stereometrie fiir hshere Madchenschulen und die unteren Klassen 
der Studienanstalten. Auf Grund der Ausfiihrungsbestimungen zu dem 
Erlasse vom 18. August 1908 iiber die Neuordnung des hdheren 
Miidchenschulwesens bearbeitet. Leipzig, Teubner, 1910. 8vo. 6-+ 
172 pp. Cloth. M. 2.00 


Lennes (N. J.). See Slaught (H. E.). 


Mannowry (G.). Methodologisches und Philosophisches zur Elementar- 
Mathematik. Haarlem, Visser, 1909. 8vo. 8-+ 279 pp. M. 9.50 


Martini ZuccaGni (A.). Elementi dialgebra, ad usodelle scuole teeniche 
enormali. 3a edizione, corretta e migliorata. Livorno, Belforte, 1910. 
16mo. 8 + 126 pp. L. 1.00 


— eNarp1(P.). Trattato di geometria elementare, ad uso delle scuole 
secondarii inferiori e specialmente delle scuole tecniche e normali. 2a 
edizione, corretta e migliorata. Livorno, Belforte, 1910. 16mo. 12+ 


322 pp. L. 1.75 
MEYER (E.). See Knops (K.). 
Narpi (P.). See Martini ZuccaGni (A.). 


Orro (F.) und Sremon (P.). Lehr-und Uebungsbuch der Arithmetik und 
Algebra fiir hohere Midchenschulen. Nach den ministeriellen Bestimm- 
ungen vom 18. VIII und 12. XII. 1908 bearbeitet. Pensum fiir Klasse 
IV-I. 4te Auflage. Leipzig, Hirt, 1910. 8vo. 200 pp. M. 2.25 


PAPELIER (G.). See AUBERT (P.). 


Quato (E.). Raccolta di calcoli fatti, con 90 tabelle ed istruzioni pratiche 
sul modo di usarle. 2a edizione, ampliata del manuale “‘ Conti e calcoli 
fatti,’’ Milano, Hoepli, 1910. 16mo. 11 -+ 341 pp. 


Scnuster (A.). Einfiihrung in die elementare Mathematik. Kempten, 
Koésel, 1909. 8vo. 4+ 169 pp. Cloth. 


SELLENTHIN (B ). Mathematischer Leitfaden mit besonderer Beriicksich- 
tigung der Navigation. Auf Veranlassung der Kaiserlichen Inspektion 
des Bildungswesens der Marine bearbeitet. 2te umgearbeitete Auflage. 
Leipzig, Teubner, 1910. 8vo. 10+ 452 pp. Cloth. M. 8.40. 


Sremon (P.). See Orto (F.). 


StauGnt (H. E.) and Lennes (N. J.). Plane geometry, with problems 
and applications. Boston, Allyn and Bacon, 1910. 12mo. 286 pp. 
Cloth. $1.00. 


SuPPANTSCHITscH (R.). Lehrbuch der Geometrie fiirGymnasien und Real- 
gymnasien. Mittelstufe, Planimetrie und Stereometrie. Wien, Temp- 
sky, 1910. K. 4.50. 


WarRkeN (I.). Elements of plane trigonometry for the use of schools. 8th 
edition. London, Hodges, 1910. 8vo. 194 pp. 


IiI. APPLIED MATHEMATICS. 


ANTOMARI (X.). Cours de géométrie descriptive, 4 l’usage des candidats 4 
l’ Ecole polytechnique, 4 I’ Ecole normale supérieure, aux Ecoles centrales 
des arts et manufactures, des ponts et chaussées et des mines de Paris et 
de Saint-Etienne. 4e édition. Paris, Vuibert, 1910. 8vo. 636 pp. 
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Brancut Mauporti (E). Manuale di idraulica, 2a edizione, riveduta e note- 
volmente ampliata. Torino, Fiandesio, 1910. 16mo. 20+ 256 pp. 


Hatt (W. L.) and Maxwetu (H.). Surface conditions and stream flow. 
Washington (Office of the superintendent of documents), 1910. 8vo. 
16 pp. 


HaMMER (E.). Mess- und Rechen-Uebungen zur praktischen Geometrie. 
4te Auflage. A. Ausgabe fiir Bau-Ingenieure. Stuttgart, Metzler, 1910. 
198 pp. Cloth. M. 3.30 


—— Dasselbe. B. Ausgabe fiir Maschinen-Ingenieure und Architekten. 
Stuttgart, Metzler, 1910. 78 pp. Cloth. M. 1.40 


Hort (W.). Technische Schwingungslehre. Einfiihrung in die Unter- 
suchung der fiir den Ingenieur wichtigsten periodischen Vorgiinge aus 
der Mechanik starrer, elastischer, flissiger und gasformiger Korper, 
sowie aus der Elektrizititslehre. Berlin, Springer, 1910. S8vo. 7 + 227 
pp. Cloth. M. 6.40 


Kempe (H. R.). The engineer’s yearbook of formulae, rules, tables, data 
and memoranda, 1910. London, Lockwood, 1910. 8vo. 8s. 


Lams (H.). The dynamical theory of sound. New York, Longmans, 
1910. 8vo. 8+303 pp. Cloth. $3.50 


MacDonaLp (H. M.). The diffraction of electric waves round a perfectly 
reflecting obstacle. London, Dulau, 1910. 4to 2s. 


Maxwett (H.). See Hatt (W. L.). 


OeETTINGEN (A. von). Elemente der projektiven Dioptrik. Leipzig, 
Teubner, 1910. 


SALMOIRAGHI (A.). Istrumenti e metodi moderni di geometria applicata. 
Parte I : Teoria degli istrumenti misuratori, descrizione e norme pratiche 
per l’uso. Vol. II. Milano, 1909. 8vo. Pp. 497-912. 


Tesar(L.). Die Mechanik. Eine Einfiihrung mit einem metaphysischen 
Nachwort. Leipzig, Teubner, 1909. 8vo. 14-+ 220 pp. M. 4.00 


ToverpinG (H. E.). Die Theorie der Kriiftepline. Eine Einfiihrung in 
die graphische Statik. (Mathematisch-physikalische Schriften fiir 
Ingenieure und Studierende herausgegeben von E. Jahnke, No. 7.) 
Leipzig, Teubner, 1910. 8vo. 699 pp. Cloth. M. 3.00 


Wa ker (G. W.). The initial accelerated motion of electrified systems of 
finite extent, and the reaction produced by the resulting radiation. 
London, Dulau, 1910. 4to. 2s. 6d. 


Wauirratt (W. J. H.). An elementary lecture on the theory of life assur- 
ance. Delivered at a meeting of the Birmingham Insurance Institute, 
January, 1889. 2nd edition, revised. London, Layton, 1910. 8vo. 
43 pp. 2s. 
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